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THE INTEGRAL COHOMOLOGY RINGS OF REAL
INFINITE DIMENSIONAL FLAG MANIFOLDS

Martin Markl

In 1581 E.H. Brown [2] and M, Feshbach [4] described the integral-
cohomology rings of real infinite Grassmannians BO(n) end BSO(n) in
terms of generators and rels tions. The main difficulty of the compu-
tation is the description of a suitable basis for the image of the
f£irst Steenrod square Sq*(H¥(BG; i2,)). We extend the method used in [2]
for the computation of the integral cohomology rings of real infinite
dimensional flag manifolds. We shall use the fact that those spaces
are the classifying spaces for suitable groupse.

l, Statement of re_suit‘s

Let ky,eee,k; and n be integers with ktesstip $ne Let us denote
by F:J. lﬁn(Rn) the manifold of flags (xl,...,x’“) where each Xi is

an unoriented ki-diniensional linear subspace in the n-dimensional

euclidean space R® and Xi is orthogonal to XJ for i#j, 1<1,jSm. Take
u

kl,...,km
larly denote by Fk yeoos k the direct limit of the manifolds of orien-

ted flags. We claim that Fﬁl""’k is equivalent to the classifying

space B(O(k,) X...XO(km)) = BO(ky) X +ee X BO(k,) of the group O(k, )X

as the direct limit of the speces F ”"km(R ) and simi-

...XO(km). Indeed, we have an isomorphism of Fk k -and
geecey
where Vk + vty = O(n)/O(n-kl eoe=k) denotes the Stiefel variety of
(kl ...+k )-frames in R Because the limit of V +x 1s the total
1 ** "m

spece of the universal fibration for the graup O(kl"'"‘ﬂﬁn) and, con-
sequently, it is the tatal space of the universal fibretion-for the
group O(kl) XeooX O(km), we obtain our statement. So, we shall iden-
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tify
u
Fkl""’km and BO(k;) X...XBO(kp)

and similarly in the oriented case

Fgl,“”km and  BSO(ky) X +.a XBSO(k )«
Because the infinite flag manifolds gre presented as the productof
" infinite Grassmannians, their cohomology could be expressed in terms
of the cohomology of Grassmennians using the Kineth formula. But the
Kineth formula gives no information about the ring structure and the
computa tion related withf it is rather unmanageable,

o o be BO(k,) or
Let F ek be Iy yenepky or Fkl""'km and let G, ( J)

BSO(k,), 1<J€m. Let X.\)—"Gk be the canonical vector bundle over tie
3 .

Grassmannian Gk . We have the projections qJ:F k—> Gk. and we

klgooo,

J
shall identify the characteristic classes of the bundle B« with their

images under q? in the group H&F " ). Let us write K = (kl,..

k LN )
1’ b
...,km) and introduce the following notation:
pi,d = p, ( 8\3), the i-th Pontrjagin class, 1<J <J,
Wiy T w, ( X\J-.), the i-th Stiefel-Whitney class, 1<J<m,

X5

e( X\g), the Euler class ( orientable case ), 1< j<m.

Remerk, Let for 1< jS<m be wJ-—>Fk veesk the fibration whose
1 LN ]

fiber over the flag (X ,...,Xm) consists of points of X‘] 1<j<m, We
show that the characteristic classes of the bundle (3, correspond to
the characteristic classes of the bundle X\J. We prove the statement .

for m=2, the proof in the general case is similar.
Let us define f :R‘“—)R2n and £, R°—>RZ® by £, _(x x ) =
1,n 2,n’ Y 13 ,n'X1reee¥y
= (xl,O,xz,O,...,xn,O) and fz'n(xl,.n. ,xn) = (O,xl,O,x2,...,0,xn).
Let f; and f, be the induced endomorphisms of R® and let g, 16 =Gy
be the endomorphisms of the Grassmannian Gk induced by the maps fi’
i =1,2, It is not hard to show that 84 is a weak homotopy equivalen-
ce, As the equivalense between G, X Gk and Fk k. cen be taken the
1 ?
map h:G, x G —>Fk Jk_ defined by h(XX Y) = (gl(X),gz(Y)). The pro-
2
Jection dTi.G X Gk-z—) G to the i-th factor is the classifying
map for the fibration Xi’ i =1,2 and the map 21:5‘1: x—>C, defi-

1772 i
ned by A (X:L X2) Xi can be taken as the classifying map for the
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fibration ‘*’1' i = 1,2, It is clear that the following diagram

GkXG

h > F
k - _"k,,k
1 2 1272
OT;L\G‘/A':L
ki

commutes up to & so it homotopy commutes. The statement of the remark
now follows from the naturality of the characteristic classes.

Now, let g and § be homomorphisms in the long exact sequence

(S q+l

.2
(1.1)  Hx;2) —s BY(X;2) 5> 1 (%;2,) —> HI"(X;32) —> -

coming from the short exact sequence O0—Z—2 —>Za—>0 of coeffi-
cients. Write (i,J)<(p,q) if j<q or j=q and i< p. Denote by D(A,B)
the symmetric difference AUBNANB of A and B. The main theorems of
the paper read as follows.

1,2, Theorem. For given K = (kl....,km) let Mﬁ be the system of all
finite sequences I = {(il,Jl),... ,(ig,jg)k of ordered pairs of natu-
ral numbers with 1<Jj €m, 1§1.¢ [k, -1)/2] end with (1;,J;) <eeu€

Jg
<(i ,J ). Let w(I) -w21 PRI Woy J and p(I) = p;L EALE pi ,J .
Then there exists an isomorphism H*% R°/I° of graded rings
where RK is the polynomisl ring
=2l{py 3} 1¢igm, 151¢ [(k 1) /2 XpseeeiXy, {wn} IEM°]
and the ideal I° is generated by the following relations:
1) 28w =0, 1eM
(1) xg = SWZK"j for k, = 2k+l,
(111)  Sw(I) dwea) = - Swyy Swdez\ (1, 0L .

S PCIN(L,OD0 W, 1M,

1,3, Theorem., For given K = (kl,...,km) let M‘I‘é be the system of all
finite sequences I = {(il,:jl),..‘.,(ig,jg)} with g =1,...,m, i, =
= 1,...,[kds/2] ori_ =1/2 and (11,.11)<...<(18,.jg). Let w(I) =
= wal’dl... w21 J and p(I) = pi Jl-n Pi J with the convention

that pl/2 4 = Swl 10 1<i{ m. Then there exists an isomorphism
*(F‘",Z) A R"’/Iu of graded rings where RK is the polynomial ring
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Ry = Z[{pi.d} 1< j<m, 1515[1:5/2]-{8"(1)} Iem}g]
and the ideal I}é is generated by the following relations:
(1) 28w(n) =0, Iewmy,
(11)  Sw(D) = Swa"dgw(l\{(1/2,J),(k,,j)}) ik, = 2,
(1/2,3) €1, (k,§)€1I, I€My, 1< <,
Sw(1) Ska’J = Py, 3 SwiaN §a,hufiarz, k) 1 k, = 2k,
(1/2,9) €1, (k,§) €I, IEME, 1K) <m,
(i1i) the relations for 8w(I)8w(J) given by the formulas in the

theorem 1.2 , I,JGM‘IE.

The following examples ilustrate the previous theorems. We shall
‘ wrif:e for the convenience Wyl T Wi Wy 0 T W{a Pi,1 %P4 and Py,2 °
= pio H* o ’
Example A. The graded ring (F5 3;Z) is isomorphic to the ring
R® /10 where Rg'3 is the po]ynorﬁial ring

5,3°75,3

RS V3 z[py,p,:p; '8"’2 '8"4 '8“’5 ’8("2"4) '8("2w') ’8(w4w5) '8("’2‘”4"’5)]
and the ideal Ig 3 is generated by the following relations:

]

28w(1) =0, Ieng,

8(w2w4)8wé = 8w2 8(w4wé) + $w4 8(w2w2'),
(Swy)%; + (Suwp?p,,
8(W2W4) 8(W2W4) (8W2)2p2 + (8W4)2p1,
Swgws) Swews) = (8wd%y + (8w,
BWZSWZ'. Pt (gw4 S(w2w4w2'),

%(wzwé) 8(w2w2')

%(W2W4) 8(W4Wé)
8(w2w4) s(wzwé) = 8w4sw5. P+ Swz 8(w2w4w2'),
8w23w4. pp* éwé S(w2w4wé),

'8(w2wé) 8(w4wé)

8(w2w4w2') 8(w2w4) = Swz 8(w2w2').p2 + &w4 &(w4wé) P,

8(w2w4w2') 8(w2w5) = Swz 5(w2w4).p{ + 5wé 8(w4w£).p1,

8(w2w4w2') 8(w4w2') = 8w4 &(w2w4).pl' + Swé a(wzwz').pz,

8(w2w4w2') 8(w2v~t4w2') = (5w2)2.p2.p£ + (6w4)2.plopl +

+ (Swz')zopl'p2~
Example B. There is an isomorphism K ;2) TRY /1% | of graded
ample B. r s a o phis 3’1, 3,1713,1 &ar

rings where R‘; 1 is the polynomial ring generated by the elements Py»

Swl ,Swz ,8wi ,8(w1w2) ,6(w1wi) ,a(wzwl') ,8(w1w2w]:) and the ideal Il;,l can
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be obtained from the relations in Ig,3 in t'he example A writing w,,w,,
wé instead of w,, Wy, wé an;l‘ iwl, P1» Swl instead of pl,pz,pi.
Example C. The graded ring H (F2 1;Z) is isomorphic to the ring

R‘z1 1/1‘21 where the polynomial f-ing Rg,l has the same generators as
thé riné R'; 1 in the example B and the ideal Ig‘ 1 is generated by the
same relations as the ideal I‘; 1 in the previoué example and by the
relations: ’

Swywy) =0,

B(wlwaw]t) = 5w2 Swi,
8v128v§ = Plswls

8(w2w]'_) 8w2 =p) 8(wlw£) .

2. Proofs

The method described in this paragraph is a modification of that in
£2]. By 1, Iv.24] the torsion subgroups of. the groups H*(BSO(k);Z)
and H*(BO(k);Z) form a Zz-vector space. Because flag manifolds are
product of Grassmannians, the Kineth formula together with the fact
that TorZ(Z,Z) = 0 and Torz(Zz,Z) 'é’zz say that the torsion subgroups
of the integral cohomology rings of flag manifolds form a Zz-vector
space, too. "

It is an immediate consequence of the exactness of (1.1l) that the
torsion subgroup TI? of the group H*(FK;Z) is equal to SH*(FK;ZZ), s0
we shall need the explicit description of the last group given in the
following lemma, The lemma can be proved using the Kineth fbrmula [6]
and the computation in [5, theorems 7.1, 19.1 and exercises].

2+1, Lemma. There are the following isomorphisms of graded rings

~N

H*‘F;l,....kmizz) = 200,33 1€ ¢a, 2818k,

R

~n
1,...,kmizz) - ZZEWi,J] 1¢j€m, 11§ ky’

and, if k is an integral domain containing 1/2 ( for example z{1/2] )
then

u . g
H“(Fkl...;,km'k’ T6py gl 159¢m, 1628 [y2)
X2

n

km;k) k[pi,'j, xs] 1¢j4¢m, 1€1¢ [(kd-l)/2l .

1{s{m& k, even

1,-..,

There is the natural map h:z['pi j:l-ex*(r‘;;z). The map h® z[1/2)1s
,
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by the previous lemma and by the Kineth formula an isomorphism so the
map h is a monomorphism and Imz;ge(h)/\ ¥ = {O&

We claim that for each feH FK 2) there exists a polynomial g¢
. ezfp1 ] with (f-h(g))eT dIndeed there exist aezfp ] and a
natural number d with h(a) = 2°.f ( recall that h®Z[1/2] is an epi-

morphism ). We have g(h(a)) 0 and, because g(pi 21 ,» there
exists b€ Z[p ] with a = 2b, The induc;(tion gives g€Z[p i with
(ng) .h(g = 2°.f, so (f-h(g))ETK. The oriented case can be

discussed similarly, so we have proved the following lemma,
2,2, Lemma. There are the following isomorphisms of graded groups:

o :2) & o .
H*(Fkl'.."km,Z) Z[pi’j, xs] @ SH*(Fkl!OQO’km,ZZ)'
X pu .z) ¥ *,pu .
i (Fkl"“'km’Z) eri!j] @8}1 (Fklson-’km,zz).

Now, we start to prove our theorems. The generators of the polyno=-
mial rings RK are the elements of the corresponding cohomology groups
s0 we have the natural homomorphisms SK RK——aH (F°,Z) and SE RK—a
—>H*(F 32) « Using the Wu formula for the action of Sq:L on the Stiefel-
Whitney classes, the fact that 38 Sql and the obvious relations bet-
ween characteristic classes we can show that gSK(IK) = 0 ( compare
the computation in [2] ). By [2, lemma 2,2] the map IT;(‘ is a
monomorphism, hence S (I ) = 0. So the map SK factors to a homomorphisp
@K.RKllx—kH"YF AR Clear:Ly, the group Z[p; 1,5 » X,] can be taken as
the free part of the group RK/I?( and the group Z[p ] can be taken
as the free part of the group BK/Iu. By the lemma é 2 the map ¢
induces an isomorphism of the free parts, so it remains to show that

W is an isomorphism of the torsion part of RK/I to the group
Sq H*(FK,Z ). Consider the orientable case and introduce the following
notation:

hy = [lk,-1)/2], 1€4¢m,

Y2 T¥2,1 o Wa(ng+1) T ¥2,20 secer Wo(ngteeatn o+1) T Von

' - L4 - r'd -
Va3 Y4,1 0 Y2(ny+2) : V4,2 1000 Wo(n Heaath o 42) T Y4,
“oh, T Yeh,,1 ! "2(hy+hy, " Yan,,2 100t Y2(h teaetn) =%on ,m

end, following this pattern,

4 — 4 = P

Py P11 0 Pyl . Pl,2 2eoer Pnowiioan 4L 5 P,
° [ ] L]

‘ = ‘ = oo =

Phy = Phyy1 2 Png+hy T Phy,2 200t Prpsecathy Ph_,m
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Let sl’...’sm’tl’...’tm 21 3,00., 2(h +0.C+l"m)+l be natural num-

bers and decompose s; = 2a +°€ i =2b +Fi’ oy = 2m + 5 where a,,

bi )m, are natural numbers ando(' Pi’ are O or 1. Let us denote

W HF T—l(wl L i)-l_l(wzj) 2 T\(Sw B o
2%0%f T—I(Pxi/z 1’-‘—|(pj rl( S"’l 1) i“_‘(g waj) 2'j+1
Y rlwl 1w 1)ﬂ(w23

with the convention that wk i = 1 and pk /2,1 = 1 tror k1 odd and

1<i<m. Clearly 9¢(zs )L 5 WS B ), Let U be the set of all

(S t f) = (Sl,coc,sm,tl,ooo,tm fZ’fj"“’ Z(hl"'o.o%)"'l with ti =0

for k, odd, 1{1i<¥ m, such that

i
either there exists j with f2,j odd and, if 'jo is the largest j with

this property, then f2,j+1 = 0 for j)jo,
or fZJ is even and f2,j+l = 0 for all j and there is i, 1<i{ m,

such that si+ti is odd.

It can be shown, using tools of elementary mathematics, that the
set {zs’t'fl (s,t,£)€U spans the torsion subgroup of Ry /Iu end that
. l, s,t,f

{Sq (w>?'"'7) (s,t,f£)€U forms abasis for Sq (H*(FK,ZZ)) ( compare the
computation in [2] ). So the theorem 1.3 is proved.

The statement of the theorem 1.2 for the orientable case can be pro-
ved by the similar way and we shal not give the proof here. The compu-
tation dsveloped in the papér can be easily modified for the descrip-
tion of the integral cohomology rings of the spaces G X 0o e XG
where Gki is BSO(k, ) or BO(k ), 1€i¢ n. kn
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