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MULTISYMPLECTIC FORMS
OF DEGREE THREE IN DIMENSION SEVEN

JAROLIM BURES, JIRf VANZURA

ABSTRACT. The group Gl(n) operates naturally on the space A3R™ of 3-forms on R™.
We say that two 3-forms are of the same algebraic type if they belong to the same
orbit. Multisymplectic 3-structure on an n-dimensional manifold M is given by a
closed smooth 3-form w of maximal rank on M which is of the same algebraic type at
each point of M. This means that for each point £ € M the form w; is isomorphic with
a chosen canonical 3-form on R™. From the geometric point of view multisymplectic
structure is a G-structure on M, where G C Gl(n) is the isotropy group at the canonical
3-form. In the paper we use the classification of 3-forms in dimension 7 (see (W], [D]),
and we describe the isotropy groups of the individual canonical forms. The study of
related geometric structures will be postponed to subsequent papers.

1. ALGEBRAIC PROPERTIES OF 3-FORMS ON A REAL VECTOR SPACE

Let V be an n-dimensional vector space over the field R. The general linear group
GI(V) has natural action on V, and the induced natural actions on V* and on the
spaces A*V, AKV* for any k.

(pw)(X) = w(pX) for every ¢ € GI(V), w € A¥V*, X € A*V.

We shall say that two k-forms are of the same algebraic type if they lie in the same
orbit under the action of GI(V). In every orbit we can choose a k-form which will
be called canonical. Instead of the notation pw we shall use the more common
notation p*w.

Let us consider now a 3-form w € A3V*. There is a set of invariants of the form
w under the induced action of GI(n) on A3V*.
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1. Rank of w, denoted by p(w). It is defined as the minimal dimension of the
subspaces W C V* such that w € A3W.

2. Irreducible length of w, denoted by I(w). It is the minimal number of decom-
posable summands in all possible representations of w (number of summands in the
shortest representation of w).

3. The numbers m(w) and r(w) defined in the following way. Let 0 # w € V and
let W be a complement of [w] in V. Then for § € V* satisfying 6(w) = 1,8(W) =0
we have a decomposition

A3V* = (6 A N2W*) @ ABW™,

and for any w € A3V* there are uniquely defined elements y; € A2W*, v, € ASW*
with
w=0Av+7.

Let us denote by D(w) the set of all +; arising in this way, and similarly by E(w)
the set of all y5. We define

m(w) = min{l(71); 71 € D(w)},
7(¢) = min{l(72); 72 € E(w)}.

The quadruple of numbers

p(w) = (p(), Uw), m(w), 7(w))

enables to distinguish among the orbits of GI(V) in A3V*. It is constant on each
orbit, and to two different orbits correspond two different quadruples.

We are interested in 3-forms of maximal rank on V/, i. e. in the 3-forms w satisfying
p(w) = dim V. Such forms are usually called multisymplectic forms. It is well known
that a form w is multisymplectic if and only if the map

V=AW, v i(v)w =w(v,-,-)
is injective.
1. Remark. For each dimension n < 8 there is only a finite number of types,
for each dimension n > 9 there is always an infinite number of types. The first
interesting nontrivial case appears for n = 6, where the 3-forms of maximal rank
under the action of GI(V) have three orbits. Two of them are open in A3V*, the
third one has codimension 1. Open orbits exist also for n = 7 and 8. This fenomenon

cannot occur if= n > 9. This can be easily deduced by comparing dimensions n? of
GI(V) and (3) of A3V*. We shall restrict now to the case of dimension 7.

2. CLASSIFICATION OF 3-FORMS OF MAXIMAL RANK 7

We fix a basis e;,...,e7 of V and we denote the dual basis of V* by au,...,as.
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2. Lemma. There is the following classification of 3-forms w of mazimal rank
p(w) = 7 in the T-dimensional space V with respect to the action of the group GL(V).

Type 1. p(w1) = (7,3,1,1). Representative of the orbit is

w=ag Ao Aargt+ay ANagAag+ a2 Aas A ag.
Type 2. p(w2) = (7,3,1,2). Representative of the orbit is

wy = ajANagAas+ai AagAar+ayr AagAar—ag AagAar+azAagAag+azAagAag.
Type 3. p(ws) = (7,3,1,0). Representative of the orbit is
ws=a1A(azAar —azAag+ ag Aas).
Type 4. p(ws) = (7,4,1,1). Representative of the orbit is
wy=arA(ag Aoy —azAag+as Aas) + az Aag A as.

Type 5. p(ws) = (7,4,2,2). Representative of the orbit is

ws=aiNasANag—aj AagANas+ay Aag A ay

Yfas ANagNag+az Aas Aar+azANag ANar —az ANas A ag.

Type 6. p(ws) = (7,4,1,2). Representative of the orbit is
wg=aiANasANag—ai1NagNag+ay AagANas+az Aag Aas + az Aag A ag.
Type 7. p(wr) = (7,4,2,3). Representative of the orbit is
wy = ajANag Aas+aj AagAag+ay AagAar+az AasAar—ag Aa4Aa6+a3Aa4Aas.

Type 8. p(ws) = (7,5, 3,3). Representative of the orbit is

wg=aiNaANag+ayNagAas—ay AagNarg+az AagANag+ag ANas Aay

+ags Aag ANar —az Aas A ag.

3. Remark. Let VC be the complexification of V, and let w® denote the complex-
ification of w. Then the following couples belong to the same orbit with respect to
the action of the complex linear group GI(V°):

wf and w§, wf and w¢, w§ and w§.
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3. FURTHER INVARIANTS
We would like to find further invariants of the orbits of the forms w;,i=1,...,8
with respect to the action of GI(V'). With any 3-form w we associate the subsets
AFw)CV, k=23
A¥(w) = {v € V; (i(v)w)™* = 0}.
Instead of A*(w;) we shall use the notation A¥. We introduce also a symmetric
bilinear form on V with values in A7V*

b(v, w) = t(v)w A L(w)w Aw.

This means that b determines a conformal class of scalar bilinear forms, and simul-
taneously the corresponding conformal class of quadratic forms. A representative
of the first class we shall denote by B, and the corresponding representative of the
second class we denote by ). As an invariant of a conformal class of bilinear forms

we get the common kernel of its elements.
For a 3-form w we introduce its group of automorphisms

O(w) = {p € Aut(V); p*'w = w}.

It is obvious that O(w) is the isotropy group of the action of GI(V) on A3V* at the
point w. Instead of O(w;) we write O;. One of the main aims of this paper is the

determination of these groups.

4. FURTHER STUDY OF TYPES.

Let us start to study further properties of the individual types from the above list
of forms. If v,w € V we write v=cye; +---+ crer, w=dre; + - - - + dyeq.

Type 1. The form w;.

We have

A2=‘/3GUV36, A.'13=‘/6auvv6b,
where

‘/30 = [63’ €4, 67]’ V3b = [85, €6, 87]
and

b
‘/60. = [61, €3, €4, €5, €6, 67], Vs = [629 €3, €4, €5, €6, e7]'
Further invariant subspaces of V are Vi = V£ NV, Vs = V& N V. Moreover, we
have the quotients

We = V/Vs, W =V/Vi, Wi =V/V}, We =V/W,
and
ZY = Vg Ve, 2 = V5 |Vs, 2§ = V2 Wi, Z8 = VI /W,
23 =V5/V3, Zb=Vs/V§, Zy = Vs V1.
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We have obviously W, = Z§ @ Z? and Z, = Z$ ® Z3. We get also
(t(v)w1) A (w)wr) Awy = 3(crde + cad1)og A -+ Aag.

The scalar form B(v,w) = ¢1dz + cad; induces a regular form of signature (1,1) on
W,. We denote it by Bs. In fact, we obtain on W; a conformal structure of signature

(1,(1))l;viously, for every ¢ € O; we have either oV = V& and VY = VP or oV =
Vb and ¢V = V. We define a homomorphism
sg:0; — Z,
in the following way
sgp=1 ifpV3'=V5' and ‘PVab = Vab:
sgp=—1 if V& = V2 and VY = V.
We obtain easily a split short exact sequence

0—)01'-—’018322—)0,

where O = kersg.
It is also obvious that every automorphism ¢ € O; induces an automorphism
@ € GL(Z,), and that ¢(Z¢ @ Z8) = Z§ & Z5. We can easily prove that

$Z3 = 7% and ¢pZ8 = Z5 iff sgyp =1,

@23 = 75 and ¢Z% = 73 iff sgp = —1.
This means that we can define a homomorphism

v:0} — GL(Z3) ® GL(ZY), ve=¢.

It can be proved that this homomorphism is an epimorphism, and we obtain a split
short exact sequence

0 — K — Of (w1) 2 GL(Z2) ® GL(Z3) — 0,

where K = kerv.

It is not difficult to see that the mapping v — (¢(v)w1)|Vs induces a homomor-
phism W, — A2Z}. The image of this homomorphism is the subspace A2Z$*®A2Z5*.
Consequently, we get an isomorphism

K: Wy — A2Z3* © A2Z8"

with kZ¢ = A2Z$* and kZP = A2Z%*.
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Similarly, the mapping v — t(v)w; induces an isomorphism
A Vi — A2WS.

Let us consider again ¢ € Of. We denote ¢ the automorphism induced on Wy
by ¢. An easy computation shows that

k(pw) = det(,bmu’ for every w € Wa.

This formula implies that
$Z¢ =27, $Zy=123.

Similar result we get for the isomorphism .

Alpv)

= detcﬁ/\v for every v € V4.

We are now going to investigate the subgroup K. It is obvious that an element
¢ € K has the form

pe1 = pne1 + p12e2 + p13e3 + p14eq + P15€5 + Pi1e€e + Yi7e7
pez = pa1€1 + P22€2 + Pa3es + paa€4 + Pa5€5 + P2ses + Parer

pes = e3 + p37er
peq = €4 + parer
pes = ] + ps7er
pee = es + perer
per = prrer

and the previous considerations show that
pruu=1, ¢12=0, o1 =0, p22 =1, pr7 =1.

Considering the equality ¢*w; = w,;, we find that an automorphism ¢ of the above
form belongs to O, if and only if

P37 = P24, P41 = —P23, P57 = —P16, P67 = P15-

Let us consider a mapping
niK =728, np) =llp-idel,

where [ ] denotes the class of the corresponding element from Vs in the quotient Zg.
Similarly we define a mapping

Vg @ K- Zg, Vz((p) = [((p - ’Ld)ez]
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Considering now Zg and Zg as commutative gfoups with the addition inherited from
the vector space structures, we find easily that

nov:K—-Z2:eZ8

is a surjective homomorphism, i. e. an epimorphism. We get again a split short exact
sequence
0oL K"8* 72020 2R 0,

where L denotes the kernel of v, ®vs. Finally, it is not difficult to find that L = H®H,
where H is a Lie group diffeomorphic as a manifold with R3, and with a multiplication
given by the formula

(21,72, 23) (Y1, Y2, ¥3) = (T1 + Y1, T2 + Y2, T3 + Y3 — Z1y2 + T201).

In other words, H is the Heisenberg group.
Summarizing, we obtain the following

4. Proposition.
01 = [((H @ H) x R*) x (GL(W3) ® GL(Wy))] x Zz

with dim O, = 18.

In the above formula x denotes various semidirect products with respect to the
splittings in the above split short exact sequences. For the sake of brevity we have
omitted their description.

Type 2. The form wy.
Here we have
A2 ={veV;ci=cy=c3=cq=0,cs¢6 + cscr + crcs = 0},
A‘;’ = {v € V;c1c4 — c2c3 = 0},
and
(t(v)wa) A (¢(v)w2) Awe = 6(c1ds — c2d3 — cada + cadi)ag A -+ A .

This means that we get a subspace V3 = [es, es, €7], and a quotient space Wy = V/ V5.
On the subspace V3 we shall consider the quadratic form

Q3('U) = ¢5Ce + C6CT + C7C5,

which is of course determined only up to a multiple. The corresponding bilinear form
we denote by B;. Q3 has signature (1,2). On V we shall consider the quadratic
form

Q(v) = 2(c1cq — cac3).
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The corresponding bilinear form we denote by B. It is easy to see that the kernel of
B is the subspace V3. The bilinear form B induces on W} a regular bilinear form By.
The corresponding quadratic form we denote by Q4.

In V3 we shall consider the orthonormal basis f5 = es + es, f6 = es — e-6,
fr = e7 — e5 — eg satisfying

Bs(fs, fs) =1, Ba(fe,fe) = —1, Ba(fr,fr)=-1.

The mapping v — ¢(v)wy induces a monomorphism
XV — A2W).

We denote o3 = A(fs), 02 = A(fs), 03 = A(f7). An easy computation shows that
there are uniquely determined endomorphisms E, F, G € End(W,) such that

o1(wy,w2) = By(Ewy, wa),
o2(w1, w2) = By(Fwy, ws),

o3(wy,w2) = By(Gwy, ws).
These endomorphisms satisfy the relations
E2=—I, F2=I, G2=I,

EF=-FE=G, FG=-GF=-E, GE=-EG=F,

which shows that the associative subalgebra of End(W,) generated by I, E, F,
and G is isomorphic to the algebra H of pseudoquaternions. Obviously, W, is an
1-dimensional free H-module.

We now start to investigate the group O of automorphisms of the form w;. Any
element ¢ € O, preserves the subspace V3, and preserves up to a positive multiple
the quadratic form Q3. Therefore we can define the restriction homomorphisms

p:02— CO(Q3), pp=p=0|Vs,
where
CO(Qs3) = {¢ € GL(V3);3c > 0 such that Q3(yv) = cQ3(v) for all v € V3}.

Similarly ¢ € O, induces an automorphism ¢ of Wy. It must preserve the form By
up to a non-zero multiple (we remind that By has signature (2,2)). Consequently,
we can define a homomorphism

i 0s — CO(Qy),
where

CO(Q4) = {x € GL(W,); 3d # 0 such that Q4(xw) = dQ4(w) for all w € Wy}.
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Considering the homomorphism det p : O2 — R*, we find that this homomorphism
is an epimorphism. Consequently, we obtain a split short exact sequence

0—»0;’—>Ogde—t>p]R"—-»0,

where OF = ker det p.
Having in mind the short exact sequence

0— 80(1,2) — CO(1,2) ¥ R* -0,
we find easily a split short exact sequence
0— K —0F % 50(Qs) — 0,

where we write simply p instead of p|OF, and K = ker p.

Next, we consider the restriction u : K — CO(Q4) of the homomorphism p
to the subgroup K. It can be shown, that the image of p consists precisely of
automorphisms of the 1-dimensional H-module W, preserving the bilinear form Bj.
It is easy to see that this image can be identified with the group

53 ={AeH;(4,A) =1},

where (-,-) denotes the standard product of pseudoquaternions. In this way we
get a homomorphism ¢ : K — 53, and standard considerations show that this
homomorphism is an epimorphism. Consequently, we obtain a split short exact
sequence

0-L-K558 0.

We shall introduce a subspace V4 = [ey, €2, €3, €4). Obviously, there is a natural
isomorphism of V4 with Wy. Any element ¢ € L determines an endomorphism
D, :V — V such that D,V, C V3, D,|V3 =0, and

pe1 =e1+ Dyer, ez =ez+ Dyey, ez =e3+ Dyes, peq=eq+ Dyey,

pes = €5, Yee = €g, ey = €.

It is obvious that the group
{id+ D; D € End(V) with DV, C V3 and D|V3 = 0}

is commutative. This shows that also the group L is commutative. Considering an
automorphism ¢ = id + D, we can easily see that

wa(pei, pej, pek) = wa(ei, e5,ex) if {i,5,k} N {5,6,7} # 0.
This means that ¢ = id + D € O, if and only if

wa(pei, pej, pex) = wa(ei,ej,ex) =0 for all 4,5,k € {1,2,3,4}.
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We can find easily that ¢ = id 4+ D € Oy if and only if the following four equations
are satisfied.

wa(Dey, ez, €3) + wa(er, e2, Dez) = 0

wa(ey, Deg, e4) + wo(ey, 2, Dey) =0

wa(Dey, €3, e4) + wa(er, Deg,e4) =0

wa(Degz, €3, €4) + wa(ez, 3, Deg) =0
Hence we can conclude that L is a Lie group isomorphic with the Lie group R8. It
is well known that S3 = Spin(1,2). We thus obtain
5. Proposition.

O(wz) = [(R® x Spin(1,2)) x SO(1,2)] x R*
with dim 02 = 15.

Again, we have not specified the splittings hidden in the above formula.

Type 3. The form wj3.

Here we have
Az = Ag = [62,63,64,65,66,87] = ‘/6’
(t(v)ws) A (L(w)ws) Aws = 2¢1dyog A=+ - A .
We denote also W; = V/V;. Because ws|Vs = 0, we find easily that the correspon-
dence v € V — (1(v)ws)|Vs induces a monomorphism
AWy — A%V
We denote
oc=Xeg=aAar—azNag+ ag Aas.

This is obviously a symplectic form on the subspace V5.

We start now to consider the group O3 of automorphisms of the form w3. Every
element ¢ € O3 preserves the subspace Vg, and we denote ¢ = ¢|Vs. It can be
proved that @ belongs to the conformal symplectic group CSp(o) =2 CSp(3,R).

This means that we can introduce a restriction homomorphism p : O3 — CSp(3,R).
This homomorphism is an epimorphism, and we obtain a split short exact sequence

0— K — 03 5 CSp(3,R) = 0,
where K = ker p. It is easy to verify that for every ¢ € K we have

wer = e1 + p12ez + -+ + p17€7
pei=¢; for2<i<T.

On the other hand every element of this form belongs to K. Moreover, we can

immediately see that K is isomorphic with R® considered as a Lie group. Therefore
we have
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6. Proposition.
03 =R® x CSp(3,R)
with dim O3 = 28.

Type 4. The form wy.

For technical reasons this time we shall renumber our basis in V. We set
fi=e, fa=ey fi=es, fa=es, fs=er, fo=es5, fr=es.
We denote £, ..., 87 the dual basis to fi,..., fr. With respect to this basis we have

ws=P1A(B2APs+PB3ABs+ PaAPBr)+ P2 APz APs.

We find easily that

AZ:[f5,f6,f7]=V3, A3=[f2)f3af4)f5af6:f7]=‘/6‘

Further we define Wy = V/Vg, Wy = V/V3, and Z3 = V5/V3. Let us notice that the
restriction of wy onto Vg is the form 68, A 83 A B4. This form obviously induces a
3-form on the quotient Z3, which will be denoted again by 6.

We shall now investigate the group O4. It is obvious that any automorphism
@ € Oy preserves the subspaces V3 and Vs. It is also clear that such ¢ induces an
automorphism ¢ € GL(W;), an automorphism ¢ € GL(Z3), and an automorphism
@ € GL(V3). The automorphism ¢ has the form ¢ = c,, - id, where c, € R*.

We can define first a homomorphism

p:0s—=R*  pp=c,.
It is easy to see that this homomorphism is an epimorphism, and we get a split short
exact sequence

0—0f 504 HR* -0,
where OF = ker p.

It is also easy to see that if ¢ € Oy, then $*6 = 0, which means that ¢ € SL(Z3) &
SL(3,R). Consequently, we can define a homomorphism

v:04 — SL(Z3), vy = .

We shall use only the restriction of v to the subgroup OF, which we denote again

by v. This restriction is also an epimorphism, and we obtain a split short exact
sequence

0— K — O0Ff = SL(3,R) — 0,

where K = kerv.
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It can be shown that the subgroup K consists precisely of elements with the
matrix expression

1 p3r—pas P15 — P21 P26 — P35 P15 P16 P17
0 1 0 0 P25 P26 Par
0 0 1 0 ©35 P36 P37
=10 0 0 1 P45 P46 Pat
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

We shall consider first a homomorphism
T2 K >R, 720 = 037 — pae.
This homomorphism is an epimorphism, and we get a split short exact sequence
0—-Ly— K AR 0,
where L, = ker 7. Next, we define a homomorphism
m3: Ly = R, T30 = 45 — par.
Again this homomorphism is an epimorphism, and we have a split short exact se-

quence
0—»L3—->L23R—>0,

where L3 = ker 73. Finally, we define a homomorphism
Ta: L3 o R, 740 = pog — 35.

This homomorphism is also an epimorphism, and we obtain a split short exact se-

quence
0—-L;—L; B3R—0,

where L4 = ker 74.
In order to describe the subgroup L4, we consider the restriction homomorphism

p:Ls— GL(Vs), pp=¢=¢|Vs.

The image of this homomorphism is a commutative subgroup of GL(Vs) which is
isomorphic as a Lie group to R8. This time we get a split short exact sequence

0-M-—Ls HR6 -0,

where M = ker p. It is not difficult to see that M is isomorphic as a Lie group to R3.
Summarizing we obtain
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7. Proposition.
04 = [((([R* x R®] x R) x R) x R) x SL(3,R)] x R*

with dim O4 = 21.

Type 5. The form ws.
We have here

A2={0}, Al={veV;-E-cZ-ci+c2+ck+ci+ck=0},

(t(v)ws) A ((w)ws) Aws =
= (—c1dy — cady — c3d3 + cady + c5ds + codp + crdr)ay Aag Aaz Aag Aas Aag A ax.

The form ws is well known. It arises in the following way. We recall that the
algebra Ca of pseudoCayley numbers is defined as the double of the algebra of
pseudoquaternions. Let (-,-) denote the standard scalar product on the algebra of

pseudoCayley numbers. We take V = Im Ca. Then for any v, v2,v3 € V we have
ws (v1,v2,v3) = (v1v2,v3).

It is obvious that Aut(@z) C Os, where Aut(az) denotes the group of automorphisms
of the algebra of pseudoCayley numbers. In fact, it can be proved that these two
groups coincide. Moreover, the group Aut(Ca) is isomorphic with the group Ga, the
noncompact dual of the exceptional Lie group G2. Thus, we have

8. Proposition. Os = Gy with dim Os = 14.

Type 6. The form wg.

Here we have
A(2i = [67]! Ag = [63, €4, €5, €6, 67]1
(L(‘U)u)e) A (L(’w)we) ANwg = 6(Cld1 + CZdz)a]_ A Aar.

We denote V; = Ag, Vs = Ag, Wy = V/Vs, and Z4 = Vi/Vi. We shall consider
on V the quadratic form Q(v) = ¢ + c2, and we denote the corresponding bilinear
form by B. @ induces a definite form Q2 on W,. The corresponding bilinear form
we denote by Bs.

The insertion v € V3 — 1(v)ws induces an isomorphism

k:Vi— AW,
Furthermore, the insertion v — (¢(v)ws)|Vs induces a monomorphism

X We — A2Z].
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We denote \e; = o1, Aez = 02. Introducing on Z; an auxiliary positive definite
bilinear form By in such a way that with respect to it es, e4, €5, €¢ is an orthonormal
basis, we can find uniquely determined endomorphisms E, F' of Z; such that for
every w,w’ € Z4 we have

o1(w,w') = By(Ew,w’), oz(w,w') = By(Fw,w’).

An easy computation shows that E? = —I, F?2 = —] and EF = —FE. Setting
G = EF, we have the relations

E*=-I, F’=-1, G?®=-I,

EF=-FE=G, FG=-GF=E, GE=-EG=F,

which show that the automorphisms I, E, F, G generate the algebra H of quaternions.
Any automorphism ¢ € Og induces an automorphisms @ of Z;. We define a
homomorphism

p:0s = GL(Z4), pp=¢.

Similarly any automorphism ¢ € Og induces an automorphisms ¢ of W,. Obviously,
@ € CO(Q2). This means that we can define a homomorphism

p:06 = COQ2), pp=¢.
We shall start with the homomorphism
det i : O — R*.
This homomorphism is an epimorphism, and we have a split short exact sequence
0— O} = 06 ‘& R* - 0,
where O} = ker(det.u).

Next, we are going to investigate a restriction of the above homomorphism g,
namely the homomorphism

u: 03 = SO(Q).

It can be proved that this homomorphism is an epimorphism, and because SO(Q2) =
S0O(2), we obtain a split short exact sequence

0—L—0}550(2) -0,
where L = ker p.

Now, we can consider a restriction of the homomorphism p, namely the homo-
morphism p : L — GL(Z,). Considering Z, as an 1-dimensional quaternionic vector
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space, we find that the image of the homomorphism p is isomorphic to the group
SL(2,C). We get then a split short exact sequence

0—-M—L25SL?2,C)—0,

where M = ker p.

The matrix of an automorphism ¢ € M with respect to the basis e;,...,e7 has
the form

1 0 pi3 p1a P15 P16 P17
0 1 @23 waa a5 26 P21
0 0 1 0 0 0 37

p= 00 0 1 0 0 P47
0 0 0 0 1 0 P57
0 0 0 0 0 1 Per
00 O 0 0 0 1

On the other hand, an automorphism of this form is not necessarily an element of M.
It belongs to M if and only if it belongs to Os. An easy computation shows that
¢ € M if and only if the following equations are satisfied

P37 = —P15 — P26,
P47 = —P16 T P25,
P57 = P13 — P24,
Pe7 = P14 + P23.

We shall consider first the mapping
vi: M —-R? vip = (par, pa7)-

It is not difficult to prove that this mapping is an epimorphism of the group M onto
the commutative group R2. In this way we obtain a split short exact sequence

0—- N, —-MABR?2-0,
where N; = kerv;. Next we define a mapping
vy N =R, 19 = (57, 967)-

It is again not difficult to prove that this mapping is an epimorphism of the group
N; onto the commutative group R%2. We obtain a split short exact sequence

0> Ny— Ny 3R? -0,
where N; = ker v,. Moreover, one can easily see that N; is a commutative Lie group

isomorphic with R,
Finally, we obtain
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9. Proposition.
Os = [(((R® x R%) x R?) x SL(2,C)) x SO(2)] x R,

with dim 06 = 18.

Type 7. The form wy.

Here we have
A2 = {0}’ Ag = [65,66,67],

and we denote V3 = [es, e, €7], and Wy = V//V3. Moreover,
(t(v)wr) A (L(w)wr) Awr = (c1dy + cadz + c3ds + cadg)ag A--- Aoy
Consequently, we consider on V the bilinear form
B(v,w) = c1dy + cadz + c3d3 + cady.

The kernel of B is the subspace V3, and therefore there is an induced positive definite
bilinear form B4 on Wy. The corresponding quadratic form we denote by Q4.
It is easy to see that the mapping v € V3 — 1(v)wy induces a monomorphism

A: Vs — AZW).

We denote
)\(65) =01, A(eﬁ) =02, A(67) = 03.

There are uniquely defined automorphisms E, F, G of Wy such that
o1(w,w') = By(Bw,w’), oz(w,w’) = By(Fw,w'), o3(w,w’) = By(Gw,w’),
for every w,w’ € Wy. It is easy to verify that
E’=F’=G*=-1

EF=-FE=-G, FG=-GF=-E GE=-EG=-F,

which shows that the associative subalgebra of End(W,) generated by I, E, F, and
G is isomorphic with the algebra H of quaternions. This means that Wy can be
considered as an 1-dimensional quaternionic vector space.

The scalar product By induces a scalar product on Wy and this in turn induces
a scalar product on A2W;. We shall denote these products again by Bs. We find
easily that the elements o, 02,03 are orthonormal with

By(o1,01) =1, By(02,02) =1, By(os,03) =1
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Using the monomorphism A, we transfer the scalar product By from A2W; to V;.
This product on V3 we denote by B3. With respect to Bj the basis es, eg, e7 is an
orthonormal basis with

Bs(ei,e1) =1, Bs(ez,e3) =1, Bs(es,e3) =1.
The corresponding quadratic form we shall denote by Q3. Now, we can see that
X : V3 — A’W} is an isometry into.
We can start to investigate the group O; of automorphisms of the form w;. Any
element ¢ € O preserves the subspace V3, and induces an automorphism ¢ of Wj.

Obviously, ¢ preserves up to a positive multiple the bilinear form B4. Consequently,
we can define a homomorphism

p:07 = CO(Qs), pp=g,
where
CO(Qs4) = {x € GL(W,);3d > 0 such that Q4(xw) = dQ4(w) for all w € Wy}.
For every ¢ € O we find easily the formula
Ao = A2(p 1A
This means that for every v € V3 we have
Ba(pv, pv) = Ba(Apv, Ap) = By(A* (9™ 1) dv, A2 (p71) M) =

= dBy(\v, W) = dB3(v,v),

which means that the restriction ¢ = p|V3 preserves the bilinear form B3 up to a
positive multiple. Therefore we can define the restriction homomorphisms

P107—’CO(Q3), P‘P=¢=‘P|Vs:
where
CO(Q3) = {¥ € GL(V3);3c > 0 such that Q3(yv) = cQ3(v) for all v € V3}.

It is possible to prove that the image of the homomorphism p is the subgroup
CSO(Q3). Consequently, we obtain a split short exact sequence

0— K — O(wr) & CS0(Qs) — 0,
where K = ker p. We shall now consider the restriction u : K — CO(Q,) of the

homomorphism p. It can be proved that an element ¥ € CO(Q4) belongs to the
image of p if and only if ¥ is an automorphism of the 1-dimensional quaternionic
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vector space Wy preserving the bilinear form Bs. Consequently, the image of x can
be identified with the group

S*={A€H;(4,4)=1},
where (-,-) denotes the standard scalar product on H. In this way we get a homomor-

phism p : K — S3, and our standard considerations show that this homomorphism
is an epimorphism. Thus, we obtain a split short exact sequence

0-L—oK5H 80,
where L = ker p.
Any element ¢ € L determines an endomorphism Dy, : V' — V such that D, V4 C
V3, D¢|V3 = 0, and
ey =e1+ Dye1, ez =ez+ Dyea, ez =e3+ Dyes, yeq =eq+ Dyey,
@es = €5, @Y€ = €g, YET = E€7.
It is obvious that the group

{id+ D; D € End(V) with DV, C V3 and D|V; = 0}

is commutative. This shows that also the group L is commutative. Considering an
automorphism ¢ = id + D, we can easily see that

wr(ipei, pej, pex) = wr(ei, ej,ex) if {i,5,k} N {5,6,7} # 0.
This means that ¢ = id + D € O if and only if
wr(pe;, pej, pex) = wr(ei,ej,ex) =0 for all 4,5,k € {1,2,3,4}.

We can find easily that ¢ = id + D € Oy if and only if the following four equations
are satisfied:

wr(Dey, ez, €3) + wr(e1, Dey, e3) + wr(ey, e2, De3) =0,
wr(Dey, ez, e4) + wr(e1, Deg, e4) + wy

wr(Dey, e3, e4) + wr(e1, Des, e4) + wr

€1, €2, De4) = 0)
61,63,D€4) =0,

~ o~ o~ o~

wr(Dez, €3, €4) + wr(ez, Des, e4) + wr(ez, €3, Dey) = 0.

Hence we can conclude that L ‘is a Lie group isomorphic with the Lie group RS.
Finally, we obtain
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10. Proposition.
07 = (R® x 8%) x CSO(3).

with dim O(wz) = 15.

Type 8. The form wg.

We have here
A} = {0}’ A} = {O}v

(t(v)ws) A (Hw)ws) Awg =
= (c1dy + cada + c3d3 + cadyg + csds + ceds + crd7)oan ANaz Aaz Aag Aas Aag Aas.

The form wg is the best known one. It arises in the following way. We recall
that the algebra Ca of Cayley numbers is defined as the double of the algebra of
quaternions. Let (-,-) denote the standard scalar product on the algebra of Cayley
numbers. We take V = Im Ca. Then for any v;,vs,v3 € V we have

ws(vl,vz,vs) = (v1v2,v3).

It is obvious that Aut(Ca) C Og, where Aut(Ca) denotes the group of automor-
phisms of the algebra of Cayley numbers. In fact, it can be proved that these two
groups coincide. Moreover, the group Aut(Ca) is isomorphic with the exceptional
Lie group G,. Thus, we have

11. Proposition. Og = G2 with dim Og = 14.
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