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Abstract. Let R x M be a trivial extension of a ring R by an R-R-bimodule M such

that M, M, (R,0)px p and gy ar(R,0) have finite flat dimensions. We prove that (X, a)

is a Ding projective left R x M-module if and only if the sequence M @ p M ®p X M&e

M®p X % X is exact and coker(c) is a Ding projective left R-module. Analogously,
we explicitly describe Ding injective R X M-modules. As applications, we characterize
Ding projective and Ding injective modules over Morita context rings with zero bimodule
homomorphisms.
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1. INTRODUCTION

The origin of Gorenstein homological algebra may date back to the 1960s when
Auslander and Bridger introduced the concept of G-dimension for finitely generated
modules over a two-sided Noetherian ring, see [1]. In the 1990s, Enochs and Jenda ex-
tended the ideas of Auslander and Bridger and introduced the concepts of Gorenstein
projective and Gorenstein injective modules over arbitrary rings, see [4], [5]. Ding,
Li and Mao considered two special cases of the Gorenstein projective and Goren-
stein injective modules, which they called strongly Gorenstein flat and Gorenstein
FP-injective modules, respectively, in [2], [18]. These two classes of modules over
coherent rings possess many nice properties analogous to Gorenstein projective and
Gorenstein injective modules over Noetherian rings, see [2], [8], [16], [18], [25], [26].
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So Gillespie later renamed strongly Gorenstein flat as Ding projective, and Goren-
stein FP-injective as Ding injective. He used these modules to produce new model
structures in the categories of modules, see [8] for details.

Let R be an associative ring and M be an R-R-bimodule. The Cartesian prod-
uct R x M, with the natural addition and multiplication, given by (r1,m1)(r2, ms) =
(rira,r1mg + myr2), becomes a ring. This ring is called the trivial extension of the
ring R by the bimodule M (see [7], [22]) and denoted by R x M. The notion of
trivial extension of a ring by a bimodule is an important extension of rings and has
played a crucial role in ring theory and homological algebra. When R is a com-
mutative ring, Nagata also called this construction an idealization in [20]. Fossum,
Griffith and Reiten studied the categorical aspect and homological properties of triv-
ial ring extensions in [7]. Palmér and Roos gave some explicit formulae for global
homological dimensions of trivial ring extensions in [21]. Mao considered (relative)
homological behaviours of trivial ring extensions in [17]. Holm and Jgrgensen inves-
tigated Gorenstein projective, injective and flat modules over trivial ring extensions
n [11]. Mahdou and Ouarghi also studied the Gorenstein modules and dimensions
over trivial ring extensions in [15].

The present paper is devoted to Ding projective and Ding injective modules over
trivial ring extensions.

In Section 2, we describe Ding projective modules over a trivial ring extension
R x M. Let Mg, rRM, Z(R)rx m and gx mZ(R) have finite flat dimensions. It is
proven that (X, «) is a Ding projective left R x M-module if and only if the sequence
MerM@rX Mo v p ®r X 3 X is exact and coker(a) is a Ding projective left
R-module. As an application, we characterize Ding projective modules over Morita
context rings with zero bimodule homomorphisms.

Section 3 is devoted to Ding injective R x M-modules. Let R x M be a left
coherent ring, Mp have finite flat dimension, grpM be finitely presented and have
finite projective or FP-injective dimension, Z(R)grxa have finite flat dimension,
rx M Z(R) have finite projective or FP-injective dimension. We prove that [Y, 3] is
a Ding injective left R x M-module if and only if the sequence

Y 2 Homp(M,Y) 2% Homp(M, Homp(M,Y))

is exact and ker() is a Ding injective left R-module. As an application, we
characterize Ding injective modules over Morita context rings with zero bimodule
homomorphisms.

Throughout this paper, all rings are nonzero associative rings with identity and all
modules are unitary. For aring R, we write R-Mod (or Mod-R) for the category of left
(or right) R-modules, respectively. The symbol g X (or Xr) denotes a left (or right)
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R-module, respectively. For an R-module X, the character module Homz(X,Q/Z)
of X is denoted by X, pd(X), id(X) and fd(X) denote the projective, injective and
flat dimensions of X, respectively.

Next we recall some basic concepts and results on trivial extensions.

Recall from [7] that the classical right trivial extension of an abelian category A
by an additive endofunctor F, denoted by A x F, is a category whose objects are
couples (X, f) with X € Ob(A) and f: F(X) — X such that f-F(f) = 0, and a mor-
phism v: (X,a) — (Y, ) is a morphism v: X — Y in A such that SF(y) = va.
If F is right exact, then A x F is an abelian category. In this case, a sequence in A x F
is exact if and only if the sequence of codomains in A is exact.

Dually, the left trivial extension of an abelian category A by an additive end-
ofunctor G, denoted by G x A, is a category whose objects are couples [X, g]
with X € Ob(A) and g: X — G(X) such that G(g) - g = 0, and a morphism
v: [X,a] = [Y,p] is a morphism v: X — Y in A such that G(y)a = #v. If G is
left exact, then G x A is an abelian category. In this case, a sequence in G x A is
exact if and only if the sequence of domains in A is exact.

For a right exact endofunctor F: A — A and a left exact endofunctor G: A — A,
there are some important functors as follows.

The functor T: A — A x F is given for every object X € A, by T(X) =
(XeF(X),p) with p = (0 0) : F(X)®F%(X) - X ®@F(X) and for morphisms by

10
T(a) = (5 e ):

The functor U: A x F — A is given for every object (X,f) € A x F by
U(X, f) = X and for morphisms by U(a) = a.

The functor Z: A — A x F is given for every object X € A by Z(X) = (X,0)
and for morphisms by Z(a) = a.

The functor C: A x F — A is given for every object (X,f) € A x F, by
C(X, f) = coker(f) and for morphisms by C(«) = the induced morphism.

The functor H: A — G x A is given for every object X € A by H(X) =
[G(X) @ X, 9] with ¢ = ((1) 8) : G(X)® X — G?(X) ® G(X) and for morphisms
_(G®B O
by H(8) = (7 )
The functor U: G x A — A is given for every object [X,g9] € G x A by

U[X,g] = X and for moralisms by U(a) = a.
The functor Z: A — G x A is given for every object X € A by Z(X) = [X, 0]
and for morphisms by Z(«a) = a.

The functor K: G x A — A is given for every object [X,g9] € G x A by
K[X, g] = ker(g) and for morphisms by K(a) = the induced morphism.
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There exist several important pairs of adjoint functors

C
xF_~A,
—=

(>
>
(>
(>
>

Y

T z U
- -

U K H
ie, (T,U), (C,2Z2), (Z,K) and (U, H) are adjoint pairs with CT =ida, UZ = ida,
KH = idé. We note that the functors T and C are right exact, H and K are left
exact, U and Z are exact.

It is known that, when A is the category of left R-modules, M is an R-R-bimodule,
F = M ®g — and G = Homg(M, —), both A x F and G x A are isomorphic to
the category of left modules over R x M. We will identify R x M-Mod with A x F
and G x A in what follows.

2. DING PROJECTIVE MODULES OVER TRIVIAL RING EXTENSIONS

Recall that a left R-module X is Ding projective (see [2], [8]) if there is an exact
sequence of projective left R-modules

f 10 1!
... P i prlopt L p? o
such that X = ker(f°) and Hompg(Z, Q) is also exact for any flat left R-module Q.

Theorem 2.1. Let (X, a) be a left R x M-module.

(1) If Mr and gM have finite flat dimensions, the sequence M @ p M @p X Mo
M ®r X 3 X is exact and coker(a) is a Ding projective left R-module,
then (X, «) is a Ding projective left R x M-module.

(2) If Z(R)rx v and gx mZ(R) have finite flat dimensions, and (X, ) is a Ding pro-

jective left R x M-module, then the sequence M @r M ®p XMy Qr X3X

is exact and coker(«) is a Ding projective left R-module.
Proof. (1) There exists an exact sequence of projective left R-modules
—1 0 1
.. ptlype Lopropr o,

such that coker(a) = ker(f°) and Homg(Z,Q) is also exact for any flat left
R-module Q. Since fd(Mg) < oo, we get the exact sequence of left R-modules

—1 0 1
M@rZ: ... o> Mop P ' M2 Moy P M2 Mon Pt M2 MerP?

with M ®p coker(a) = ker(M ®@ f°) by [3], Lemma 2.3.
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The exact sequence M ®r X = X 3 coker(a) — 0 induces the exact sequence
M ®r M @r X Mee pp Qr X M@ ®p coker(a) — 0. Since the sequence

MIrMRrX ML@? MerpX 3 X N coker(a) — 0 is exact, we get the exact sequence
0 — M ®p coker(w) Sx 4 coker(a) — 0

with §(M ® g)=a. Since fd(rM)<oo, fd(M ®p P*)<oco. Thus, Homg(Z, M @ P*)
is exact for any i € N by [16], Lemma 3.1. So Ext}(ker(f*), M ®@g P*) = 0.

Let ¢: coker(a) — P° be the canonical monomorphism and 7: P~! — coker(a) be
the canonical epimorphism such that (7 = f~!. Since Ext}%(coker(a), M®grP%) =0,
there is 1: X — M ®p PY such that ¥6 = M ® t. Also there is n: P! — X
such that gn = 7. Define \: X — P ® (M ®@r P°) by Mz) = (to(),%(x)) and
& P'o(MegPl) = X by £(z,y) = n(x) + §(M ® 7)(y). It is easy to check
that A is a monomorphism and & is an epimorphism. Then by generalized Horseshoe
(see Lemma [27], Lemma 1.6), we get the exact sequence of left R-modules

—1 (0]
.o P loMerP ) is PPe (Mg PY) L5 P1o (M er PY)

25 P2 (M ®p P?) — ...

with ¢~ = X¢, ¢* = ((J; M;f"') (i #—1) and X = ker(g°).

It is easy to verify that the two diagrams

M®A 0 ony M®g° 1 1
MerX ——M@gr(P'® (M@ P?) —— M @r (P'® (M @ P')) —— -

] S

0 X A POg (M ey P') —L—— Plo (M @y PY) ——— -

and

T —2
e e MR (P2e (M orP2) 22 Mo (P e (Mog PY) 25 Mo X

ll‘r—z lll—l al
—2

e P2 (MogP ) —t P la(MegPY) d X 0

are commutative. So we obtain two exact sequences of left R x M-modules 0 —
(X,0) 3 T(PY) 25 T(P) = ... and ... - T(P2) L5 T(P1) S (X, a) = 0.

By [7], Corollary 1.6 (c), each T(P?) is projective. Thus, we get the exact sequence
of projective left R x M-modules

A: S T(P Y LS T(PY) LS T(PY) S T(P?) - ...
with (X, a) = ker(g°).
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Let (Y, ) be any flat left R x M-module. By [7], Proposition 1.14, coker(f) is
a flat left R-module and the sequence M ®r M QrY Mﬁé M®RrY £> Y is exact.
So we get the exact sequence 0 — M ®pg coker(8) — Y — coker(8) — 0. By [16],
Lemma 3.2, fd(M ®r coker(5)) < oo since fd(rM) < oo. By [21], Lemma 1, there is
an exact sequence 0 — Z(M ®pg coker(f)) — (Y, 8) — Z(coker(3)) — 0. So we get
the exact sequence of complexes

0 — Hompw m (A, Z(M ®pg coker(5))) = Hompx am (A, (Y, 3))
— Hompw ar (A, Z(coker(5))) — 0.

Since Hom gy s (T(P?), Z(coker(3))) = Homp (P?, coker(3)), then
Hom gy (A, Z(coker(8))) = Homp(Z, coker(5))

is exact. Since Hompgy p (T (P?), Z(M ®g coker(8))) = Homp (P!, M ®@p coker(f)),
then Hompy ar(A, Z(M Qg coker(5))) = Homp (=, M ®p coker(f)) is exact by [16],
Lemma 3.1. So Hompgw a(A, (Y, 3)) is exact.
It follows that (X, «) is a Ding projective left R x M-module.
(2) By [7], Corollary 1.6 (c), there is an exact sequence of projective left R x M-
modules .
A5 TP TP L T(PY) - T(PY) — ...

such that (X, a) = ker(g%) and the complex Homp, a7 (A, L) is exact for any flat left
R x M-module L.

Since fd(Z(R)grxn) < 00, Z(R) @prxn A is exact by [3], Lemma 2.3. Since
Z(R) ®pwn T(PY) =2 R®p P! = P! we get the exact sequence of projective left
R-modules )

CA): ... Pt poWipt L p2

with coker(a) = ker(C(g°)).

Let @ be a flat left R-module. Then @ = liLnNi with each N; free by [13],
Theorem 3.4. Note that Z(Q) = Z(li_r}n N;) = li_r>n Z(N;). Since fd(gx mMZ(R)) < o0,
fd(rx mZ(Q)) < co. So Homp(C(A),RQ) = Hompxm(A,Z(Q)) is exact by [16],
Lemma 3.1. Hence, coker(«) is a Ding projective left R-module.

By [21], Lemma 1, there is an exact sequence 0 — Z(M) — T(R) — Z(R) — 0,
which induces the exact sequence of complexes

0— Z(M) Qrx M A — T(R) Qrx M A — Z(R) Qrxm A — 0.

Since T(R)®@prx m A and Z(R) @ gx m A are exact, Z(M)®pw A is exact. Note that
M ®g P = Z(M) @rx s T(P?) by [14], page 295. So M @ C(A) 2 Z(M) @pwx p A
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is exact. Let ¢: coker(a) — P° be the obvious monomorphism. Then M ® ¢:
M ®pg coker(a) = M Qg P is a monomorphism. The exact sequence M ®r X 2
X5 coker(a) — 0 induces the exact sequence M @ M ®p X Mex ap ®r X Mee
M ®p coker(a) — 0. Since a(M ® o) = 0, there is §: M ®p coker(a) — X such that
S(M®o) =a. Let \: X - P°@(M®gP°% and ¢*: M@rP° — P°@(M®gP°) be
the injections. By [7], page 57, we get the following commutative diagram in R-Mod:

M ®p coker(a) M v ®p PO

5l A |

X P @ (M ®g PY).

Then ¢ is a monomorphism. Since the sequence M @ M ®@p X M;@g M®rp X M—®>g
M ®pg coker(a) — 0 is exact, the sequence M ®r M ®p X Mo ar Qr X 3 X is

exact. 0

The following result is an immediate consequence of Theorem 2.1.

Corollary 2.2. Let Mg, pM, Z(R)rw v and gy prZ(R) have finite flat dimen-
sions. Then
(1) (X, «) is a Ding projective left R x M-module if and only if the sequence M ®pr
M®r X Moo g ®r X 3 X is exact and coker(a) is a Ding projective left
R-module.
(2) T(X) is a Ding projective left Rx M-module if and only if X is a Ding projective
left R-module.
(3) Z(X) is a Ding projective left R x M-module if and only if M @ g X = 0 and X

is a Ding projective left R-module.

Specializing M = R in Theorem 2.1 (1), we have the following statement.

Corollary 2.3. If X % X % X is an exact sequence in R-Mod and coker(a) is
a Ding projective left R-module, then (X, «) is a Ding projective left R x R-module.

Morita context rings with zero bimodule homomorphisms is one important spe-
cial case of trivial ring extensions. Let A and B be rings, gU4 and 4Vp be bi-
modules, ¢: U ®4V — B and ¢: V ®p U — A be bimodule homomorphisms.

Then (B’;A A‘;B ) ) becomes a ring with the usual matrix addition and multipli-

cation given by

(al v ) (GQ 'UQ) _ (alaz +Y(v1 ® ug) a1vz + v1by )
up by uz by uraz + byuz biba + ¢(u1 @ va) )
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The matrix ( ‘3 A;B) is called a Morita context ring or formal matriz ring,
BUA (o,9)
. . _ . (A 4V .
see [12], [19]. In particular, if ¢ = 0, ¢» = 0, then A = (BUA B )(0.0) is called

a Morita context ring with zero bimodule homomorphisms, which is a geheralization
0

of the formal triangular matrix ring (BUA B )

Let A = (B’;A AgB )(070). Green in [9] proved that the category A-Mod is equiv-

alent to the category €2 whose objects are tuples (X,Y), f,g), where X € A-Mod,
Y € B-Mod, f € Homp(U ®4 X,Y) and g € Homu(V ®p Y, X) such that
gV e f) =0 f(U®g) = 0, and whose morphisms from (Xi,Y1, f1,91) to
(X2,Ya, fo,g2) are pairs (a, ) such that @ € Homa (X1, X2), 8 € Homp(Y1,Ys),
fo(U®a) = Bf1, 2(V® L) = agr. In view of the well-known adjointness rela-
tion, the category A-Mod is also equivalent to the category I' whose objects are
tuples [X,Y, f,g], where X € A-Mod, Y € B-Mod, f € Homyu(X,Homp(U,Y))
and g € Homp(Y,Hom4(V, X)) such that Hompg (U, g)f = 0,Hom4 (U, f)g = 0, and
whose morphisms from [X71, Y1, f1, g1] to [Xa, Y2, f2, g2] are pairs [a, 8] such that a €
Homyu (X1, X2), 8 € Homp(Y1,Y2) and foa = Homp(U, B) f1, g28 = Homa(V, a)g;.
We will identify A-Mod with 2 and T in what follows.

It is known that the ring A = ( ’3 A]‘;B ) is isomorphic to the trivial ring ex-
BEA (0,0

tension (A x B) x (U @ V) under the correspondence (. , ) — ((a,b), (u,v)), see [7].
Note that U @ V attains the A x B-A x B-bimodule structure through the ring
homomorphisms A x B —+ A and A x B — B. It is well known that a left A x B-
module is an order pair (X,Y) with X € A-Mod and Y € B-Mod. Similarly, a right
A x B-module is an order pair (W7, Ws) with W7 € Mod-A and W, € Mod-B.
So (U V)®axp (X,Y) = (VepY,U®s X) and Homaxp(U ® V,(X,Y)) =
(Homp(U,Y),Hom4(V, X)). Therefore A-Mod is isomorphic to (4 x B) x (U @ V)-
Mod by the functor ©: A-Mod — (A x B) x (U @ V)-Mod given by ©(X,Y, f, g)
((X,Y),(g, f)). Similarly, Mod-A is isomorphic to Mod-(Ax B)x (U®V') by the func-
tor T: Mod-A — Mod-(A x B) x (U® V) given by Y(W,Q, f,9) = (W,Q), (f,9)).

Theorem 2.4. Let A = (BéA A‘;B )(0 0 and (X,Y, f,g) be a left A-module.

(1) If Ua, U, AV and Vg have finite flat dimensions, the sequences V @p U ®4
x & VopY L X andU®4VepY yey U®aX Ly are exact, coker(f) is
a Ding projective left B-module and coker(g) is a Ding projective left A-module,
then (XY, f,g) is a Ding projective left A-module.

(2) If A(A,B,0,0) and (A, B,0,0)s have finite flat dimensions and (X,Y, f,g) is
a Ding projective left A-module, then the sequences V @p U ® 4 X Vﬁ{V RB
V4 X andU®aVepY "X Uy X LY are exact, coker(f) is a Ding
projective left B-module and coker(g) is a Ding projective left A-module.
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Proof. (1) Since the sequences V ®@p U ®4 X Vﬁ{ VeopY 5 X and
UR4VRpY Usg U4 X i> Y are exact, the sequence (UDV)@axp(UBV)®axp
(X,Y) (UeV)R(0./) UaV)®axp (X,Y) (@.1) (X,Y) is exact. Since coker(f) is
a Ding projective left B-module and coker(g) is a Ding projective left A-module,
coker(g, f) = (coker(g), coker(f)) is a Ding projective left A x B-module. By The-
orem 2.1, ((X,Y), (g, f)) is a Ding projective left (A x B) x (U @ V)-module. So
(X,Y, f,g) is a Ding projective left A-module.

(2) Since fd(a(A4, B,0,0)) < co and fd((A4, B,0,0)) < oo,

fd((AxB)x(UEBV)Z(A X B)) < oo and fd(Z(A X B)(AXB)IX(U@V)) < Q.

Since (X,Y, f,g) is a Ding projective left A-module, ((X,Y), (g, f)) is a Ding pro-
jective left (A x B) x (U @ V)-module. By Theorem 2.1, the sequence (U B V) ®axp
U V) @axs (X,Y) "E289D 1 o1y @urp (X,Y) L2 (X,Y) is exact and
coker(g, f) is a Ding projective left Ax B-module. So the sequences V@ pU®4 X Vel
VeopY S XandU®aVegY Yoy U®as X Ly are exact, coker(f) is a Ding
projective left B-module and coker(g) is a Ding projective left A-module. O

_ A AVE
Corollary 2.5. Let A = (BUA B )(070), Ua, BU, 4V, Vi, A(4,B,0,0) and

(A, B,0,0) have finite flat dimensions. Then

(1) (X,U ®a X,idyg,x,0) is a Ding projective left A-module if and only if X is
a Ding projective left A-module.

(2) (Ve®pY,Y,0,idvg,y) Is a Ding projective left A-module if and only if Y is
a Ding projective left B-module.

(3) (X,Y,0,0) is a Ding projective left A-module if and only if U ®4 X = 0,
V ®pY =0, X is a Ding projective left A-module and Y is a Ding projective
left B-module.

3. DING INJECTIVE MODULES OVER TRIVIAL RING EXTENSIONS

Recall that a left R-module X is FP-injective (see [24]) if Exth(N,X) = 0
for every finitely presented left R-module N, equivalently, if every exact sequence
0> X —-Y — L — 0 of left R-modules is pure by [6], Theorem 3.1. The
FP-injective dimension of a left R-module X, denoted by FP — id(X), is defined
to be the smallest integer n > 0 such that Ext’;™ (N, X) = 0 for every finitely
presented left R-module N (if no such n exists, set FP —id(X) = o0).
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A left R-module X is called Ding injective (see [8], [18]) if there is an exact
sequence of injective left R-modules

— 1 7 0 O g1 N2
= ...—-F " —F 5 FE —FE — ...

such that X = ker(f°) and Hompg(Y, =) is exact for any FP-injective left R-module Y.
Recall that R is a left coherent ring (see [13]) if every finitely generated left ideal is
finitely presented.

Lemma 3.1. Let R x M be a left coherent ring and rkM be finitely presented.

Then

(1) [Y, 5] is an FP-injective left R x M-module if and only if ker(f) is an
FP-injective left R-module and the sequence Y LA Hompg(M,Y) LN Homp (M,
Hompg(M,Y)) is exact.

(2) H(Y) is an FP-injective left R x M-module if and only if Y is an FP-injective
left R-module.

(3) Z(Y) is an FP-injective left R x M-module if and only if Y is an FP-injective
left R-module and Homp(M,Y) = 0.

Proof. Since Rix M is a left coherent ring, R is also a left coherent ring by [7],
Theorem 2.2. Since pM is finitely presented, the natural map o: Y+ ®r M —
Hompg(M,Y)* is an isomorphism by [23], Lemma 3.60.

(1) The exact sequence 0 — ker(8) — Y 4 Homp(M,Y') induces the exact se-

+
quence Hompg(M,Y)*t oy+ o (ker(8))™ — 0. Therefore, [Y, 3] is an FP-injective
left R x M-module if and only if [V,8]" = (YT,8%0) is a flat right R x M-
module by [6], Theorem 2.2 if and only if coker(87) = coker(8% o) is a flat right
+G' +O'
R-module and the sequence Y™ ®@r M ®r M 8 —@M Ytor M A28 v+ is exact
by [7], Proposition 1.14 if and only if (ker(3))" is a flat right R-module and the se-

+ +
quence Hompg(M,Hompg(M,Y))" B), Hompg(M,Y)* 27 Y+ is exact if and only
if ker(p) is an FP-injective left R-module and the sequence Y LA Homp(M,Y) L,

Homp(M,Homp(M,Y)) is exact by [6], Theorem 2.2.
(2) and (3) are immediate consequences of (1). O

Theorem 3.2. Let R x M be a left coherent ring and [Y, 5] be a left R x M-
module.

(1) If Mgp has finite flat dimension, rM is finitely presented and has finite
projective or FP-injective dimension, the sequence Y £> Homp(M,Y) ﬁ)
Homp(M,Hompg(M,Y)) is exact and ker(B) is a Ding injective left R-module,
then [Y, 5] is a Ding injective left R x M-module.
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(2) If Z(R)rwxm has finite flat dimension, g« Z(R) has finite projective or
FP-injective dimension, [Y, (] is a Ding injective left R x M-module, then the
sequence Y LA Homp(M,Y) LN Homp(M,Hompg(M,Y)) is exact and ker(3)
is a Ding injective left R-module.

Proof. (1) There is an exact sequence of injective left R-modules

—1 0 1
= ..ot L L
such that ker(3) = ker(f°) and Homg(Q,Z) is also exact for any FP-injective left
R-module Q.
Since pd(rM) < oo or FP — id(rM) < oo, we get the exact sequence of left
R-modules

. -1 (J:;* 0y (F9)« 1
Homp(M,ZE): ... - Homg(M,E™") Homp(M, E”) == Hompg(M,E") — ...

with Hompg (M, ker(3)) = Hompg(M,ker((f°).)) by [3], Lemma 2.5 and [16], Lem-
ma 3.2.

The exact sequence 0 — ker(3) %Y LA Homp(M,Y) induces the exact sequence
0 — Homp (M, ker(B)) N Homp(M,Y) L, Homp(M,Hompg(M,Y)). Since the
sequence 0 — ker(B) = Y LA Homp(M,Y) Loy Homp(M,Hompg(M,Y)) is exact,
we get the exact sequence

0 — ker(8) & Y 2 Homp(M, ker(3)) — 0

such that 8 = t,y. Since fd(Mg) < oo, we have id(Hompg(M, E*)) < oo by [16],
Lemma 3.2. Therefore, the complex Hompg(Hompg(M, E?),Z) is exact by [16],
Lemma 4.1. So Exth(Hompg(M,EY), ker(fit1)) = 0. Let 7: E' — ker(B)
be the canonical epimorphism and 7: ker(8) — E° be the canonical monomor-
phism such that 7w = f~'. Since Extp(Hompg(M,E~') ker(8)) = 0, there is
¥: Homg(M, E~') — Y such that y¢) = m,. Also there is ¢: Y — E° such that
¢t = 7. Define ¢: Homg(M,E~') ® E=1 — Y by &(x,y) = (z) + tn(y) and
A: Y — Hompg (M, E®) ® E° by Ax) = (7v(z), é(x)). It is easy to check that ) is
a monomorphism and £ is an epimorphism. Then by generalized Horseshoe Lemma
(see [27], Lemma 1.6), we get the exact sequence of left R-modules

... = Homp(M,E"Y Yo E~! G Hompg(M, E°) @ E° i Homp(M,EY )@ E' — ...
with 91 = \¢, 9% = (<fT> J?) (i # —1) and Y = ker(9°).
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It is easy to check that the two diagrams

o2

Homp(M,E~2) @ E=2 Homp(M,E~Y) @ E~! Y 0

l‘),gi lﬂ—l l@
0.

-+ — Homp(M,Homp (M, E=2) ® E~2) — Hompg(M, Homp(M,E~1) @ E~1) N Hompg(M,Y)

and

0
0 Y Homp(M, E°) @ E° 9 Homp(M,E') @ B! —— ...

ﬁl lﬂo llh
(0%)

0
Hompg(M,Y) 2y Hompg (M, Homg (M, E°) ® E°) —> Homp (M, Homp(M, E') @ E') — - --

are commutative. So we obtain two exact sequences ... — H(E~2?) ~— H(E™!) 5
0

[Y,5] = 0 and 0 — [V, 8] & H(E®) -5 H(EY) — ...

By [7], Corollary 1.6 (d), each H(E?) is injective. So we get the exact sequence of
injective left R x M-modules

872 1\ 071 0 a° 1
) — H(E") — H(E") — ...

with [Y, 8] 2 ker(9°).

Let [X,(] be an FP-injective left R x M-module. By Lemma 3.1, ker(¢) is an
FP-injective left R-module and the sequence

X 5 Homp(M, X) <% Homp (M, Homp (M, X))
is exact. Thus, we get the exact sequence
0 — ker(¢) - X — Hompg (M, ker(¢)) — 0.
So there is an exact sequence
0 = Z(ker(¢)) = [X, (] = Z(Homp (M, ker(C))) — 0,
which induces the exact sequence of complexes

0 — Hompy v (Z(Hompg (M, ker(¢))), A) — Hompw ar ([ X, (], A)
— Hompw ar(Z(ker(¢)), A) — 0.
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Note that Hom gy ar(Z(ker(¢)), H(E?)) = Hompg(ker(¢), E?). Therefore, the com-
plex Hompw a7 (Z(ker(¢)), A) =2 Homp(ker(¢€), Z) is exact. On the other hand, by [16],
Lemma 4.2, FP — id(Hompg(M, ker(¢))) < co. Since

Hom s a1 (Z(Hom (M, ker(C))), H(E")) = Homp(Hom (M, ker(C)), E'),
we have the complex
Hom gy pr(Z(Homp (M, ker(¢))), A) = Hompg(Hompg (M, ker(()), Z)

is exact by [16], Lemma 4.1. Therefore, Hompw 2/ ([X, (], A) is exact. It follows
that [Y, 8] is a Ding injective left R x M-module.
(2) By [7], Corollary 1.6 (d), there is an exact sequence of injective left R x M-
modules
A: .. S HEY 5 HE) L HEY - H(E?) - ...

such that [Y, 8] = ker(9°) and Hompg, p(X,A) is also exact for any FP-injective
left R x M-module X. Since pd(rxmZ(R)) < 0o or FP —id(gx mZ(R)) < o0, the
complex Hompy pr(Z(R), A) is exact by [3], Lemma 2.5 and [16], Lemma 4.1. Note
that Hompy v (Z(R), A) =2 Hompg(R,K(A)) 2 K(A). So we get the exact sequence
of injective left R-modules

0
KA): ... E 'Y g g2

with ker(3) = ker(K(9°)).
Let @ be an FP-injective left R-module. Then there is a pure monomorphism
in R-Mod @ — [[R". By [10], Lemma 2.1 (i), we get the pure monomorphism in

R x M-Mod
Z(Q) — Z(H R+) = [T 2.

Since fd(Z(R)gw amr) < 00, we have FP —id(gx rZ(RT)) = FP—id(rx MZ(R)T) < 0
by [6], Theorem 2.1. Thus, FP—id(,,, ,, [TZ(R")) < oo and so fd(Z([] R+)+) < o0
by [6], Theorem 2.2 since R X M is a left coherent ring. The pure monomor-
phism Z(Q) — Z(H R"') induces the split epimorphism Z(H R+)+ — Z(Q)T.
Thus, fd(Z(Q)") < oo and so FP — id(gx MZ(Q)) < oco. By [16], Lemma 4.1,
Hompy am(Z(Q),A) is exact. Since Hompg(Q,E') = Hompgxnm(Z(Q), H(EY)),
Homp(Q,K(A)) = Hompxm(Z(Q),A) is exact. So ker(8) is a Ding injective
left R-module.

By [21], Lemma 1, there is an exact sequence 0 — Z(M) — T(R) — Z(R) — 0,
which induces the exact sequence of complexes

0— HOIDRKM(Z(R), A) — HOIIIRKM(T(R), A) — HOIIIRKM(Z(M), A) — 0.
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Since Hompy ar(Z(R), A) and Hompy a (T(R), A) are exact, Hompy pr(Z(M), A) is
exact. So Homp(M,K(A)) = Hompy pr(Z(M),A) is exact. Let 7: E~! — ker(B)
be the canonical epimorphism, then 7.: Homg(M, E~1) — Hompg(M, ker(3)) is an
epimorphism.

The exact sequence 0 — ker(8) = Y LA Homp(M,Y) induces the exact se-
quence 0 — Hompg(M, ker(8)) — Homp(M,Y) LN Homp(M,Hompg(M,Y)).
Since B, =0, there is v: Y — Homp(M, ker(8)) such that t.y = (. Let
0: Homgr(M,E~1)@® E~! — Y be the canonical epimorphism and

o' Homg(M,E~") @ E~' — Homg(M,E™)

be the projection. Consider the following commutative diagram in R-Mod:

[

Homp(M,E~')® E~! Y

E !

Homp (M, E~') ——— Hompg(M, ker(3)).

Since 7, and ¢~! are epimorphisms, 7 is an epimorphism. Hence, the sequence

y 2 Hompg(M,Y) LN Homp(M,Hompg(M,Y)) is exact. O

The following result is an immediate consequence of Theorem 3.2.

Corollary 3.3. Suppose that Rx M is a left coherent ring, Mg has finite flat di-
mension, g M is finitely presented and has finite projective or FP-injective dimension,
Z(R)rx M has finite flat dimension, rxapZ(R) has finite projective or FP-injective
dimension.

(1) [Y, 8] is a Ding injective left R x M-module if and only if the sequence Y LA
Hompg(M,Y) LN Homp(M,Hompg(M,Y)) is exact and ker(f3) is a Ding injec-
tive left R-module.

(2) H(Y) is a Ding injective left R x M-module if and only if Y is a Ding injective
left R-module.

(3) Z(Y) is a Ding injective left R x M-module if and only if Homp(M,Y) = 0
and Y is a Ding injective left R-module.

Specializing M = R in Theorem 3.2 (1), we have:

Corollary 3.4. If R is a left coherent ring, the sequence Y %y By is exact in
R-Mod and ker(3) is a Ding injective left R-module, then [Y, 3] is a Ding injective
left R x R-module.
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Theorem 3.5. Let A = ( A aVs )( be a left coherent ring and [X,Y f, g] be
0

sBUa B
a left A-module.

)

(1) If Uy and Vp have finite flat dimensions, pU and 4V are finitely pre-
sented and have finite projective dimensions or pU and 4V have finite
FP-injective dimensions, ker(f) is a Ding injective left A-module, ker(g) is

a Ding injective left B-module, the two sequences X EN Hompg(U,Y) HO%U’g)

Homp (U, Homa(V, X)) and Y % Hom (V, X) "% Hom 4 (V, Homp (U, Y))
are exact, then [X,Y, f, g] is a Ding injective left A-module.

(2) If [A, B,0,0]5 has finite flat dimension, s[A, B,0,0] has finite projective or
FP-injective dimension and [X,Y, f,g] is a Ding injective left A-module, then
ker(f) is a Ding injective left A-module and ker(g) is a Ding injective left B-

module, the two sequences X ER Homp(U,Y) Homs (£:9) Homp (U, Homu (V, X))
and Y % Homu (V, X) foma (/) Homy (V,Hompg(U,Y)) are exact.

Proof. Obviously, (A x B) x (U ® V) is a left coherent ring.
(1) Note that U@V is a finitely presented left A x B-module, fd((U&V)axp) < o0,

pd(axB(UdV)) < oo or FP —id(axp(U ®V)) < co. Since the two sequences X EN
Homp(U,Y) "2 Homp (U, Homa(V, X)) and ¥ % Homa(V,X) "omalP)
Homy (V,Homp(U,Y)) are exact, it follows that the sequence

( (f

(X, V) L9 Hom sy 5 (U eV, (X,Y)) L4 Hom y 5(U @V, Homax 5 (U@ V, (X, 1))
is also exact. Since ker(f) is a Ding injective left A-module and ker(g) is a Ding
injective left B-module, ker(f,g) = (ker(f),ker(g)) is a Ding injective left A x B-
module. By Theorem 3.2 (1), [(X,Y), (f,9)] is a Ding injective left (Ax B)x (U@ V)-
module. So [X,Y] f,¢] is a Ding injective left A-module.

(2) Note that fd(Z(A X B)(AXB)M(U@V)) < 00, pd((AxB)M(U@V)Z(A X B)) < o0
or FP — id((axB)x (vev)Z(A x B)) < oco. Since [X,Y, f,g] is a Ding injective
left A-module, [(X,Y),(f,g)] is a Ding injective left (A x B) x (U @ V)-module.

By Theorem 3.2(2), the sequence (X,Y) (f—g>) Homaxp(U @ V,(X,Y)) (f’_g);

Homaxp(UBV,Homaxp(UDV, (X,Y))) is exact and ker(f, g) is a Ding injective left
Ax B-module. So the sequences X ER Homp(U,Y) Homs (7.9) Homp (U, Hom4(V, X))

and Y % Homu(V, X) Homa (/) Homy (V,Homp(U,Y)) are exact, ker(f) is a Ding
injective left A-module and ker(g) is a Ding injective left B-module. O

. A 4V
Corollary 3.6. Let A = (BUA BB

)( : be a left coherent ring, U4 and Vg have
0,0
finite flat dimensions, pU and AV be finitely presented and have finite projective
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dimensions or pU and AV have finite FP-injective dimensions, [A, B,0,0]x have

finite flat dimension, A[A, B, 0, 0] have finite projective or FP-injective dimension.

(1) [X,Homa(V, X),0,iduom, (v,x)| is a Ding injective left A-module if and only

if X is a Ding injective left A-module.

(2) [Homp(U,Y),Y,idom,(v,v), 0] is a Ding injective left A-module if and only if Y

is a Ding injective left B-module.

(3) [X,Y,0,0] is a Ding injective left A-module if and only if Homs(V,X) = 0,

Homp(U,Y) =0, X is a Ding injective left A-module and Y is a Ding injective
left B-module.
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