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Abstract. This paper is concerned with the 3-D Cauchy problem for the compressible
viscous fluid flow taking into account the radiation effect. For more general gases including
ideal polytropic gas, we prove that there exists a unique smooth solutions in [0, co), provided
that the initial perturbations are small. Moreover, the time decay rates of the global
solutions are obtained for higher-order spatial derivatives of density, velocity, temperature,
and the radiative heat flux.
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1. INTRODUCTION

The importance of thermal radiation in physical problems increases as the tem-
perature is raised. At moderate temperatures, the role of the radiation is primarily
the one of transporting energy by radiative process, while at higher temperature,
the energy and momentum densities of the radiation field may become comparable
to or even dominate the corresponding field quantities. In this paper, we consider
the following system for the compressible viscous fluid flow taking into account the
radiation effect in R3:

ot + div(ou) = 0,

ous + o(u-V)u+ VP = pAu+ (u+ A)Vdivu,

oe; + ou- Ve + Pdivu+divg = kA0 + 2uD : D + A(divu)?,
—Vdivq + o.,q +aV(6*) = 0.

(1.1)

Here, the unknowns are (g, u, 6, q), where ¢ = o(x,t),u = u(x,t) = (u, us, us)(x, t),
0 = 0(x,t) for x = (x1,m2,23) € R®, ¢t > 0 denote the density, the velocity, the
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temperature of the fluid, respectively, and q = q(x,t) = (¢1, g2, ¢3)(X,t) denotes the
radiative heat flux. The pressure P = P(p, 6) and inertial energy e = e(p, ) are the
smooth functions of p and 6: p and X\ are the constant viscosity coefficients, p > 0,
33X+ 21 > 0; & > 0 is the heat-conducting coefficient; o, > 0 is the absorption
coefficient; o is the positive constant defined by

$3
es—1

0<o= 4TEUa04,8_4/ ds < oo
0

with positive constants a and 8, and D = D(u) is the deformation tensor

3

1/0u;  Ouy
Dij:§(82+8zj) and D:D:ZD%.

ij=1

In radiation hydrodynamics, due to the presence of radiation, the classical flow
has to be coupled with radiation which is an assembly of photons (the photons
are massless particles traveling at the speed of light) and need an a priori relativistic
treatment. Hence, the whole problem to be considered is then a coupling between the
standard Navier-Stokes equations for the fluid flow and a Boltzmann-type transport
equation for the photon distribution, regarding the three basic interactions between
photons and matter, namely, absorption, scattering and emission (see [32]). For
the last decade, there have been many mathematical studies about the compressible
Navier-Stokes-Botzmann models in radiation hydrodynamics: we refer to [6], [7], [5],
[35], [8], [9], [10] for 1-D global solutions and to [24], [25], [26], [41], [42] for multi-D
local solutions.

On the other hand, the compressible Navier-Stokes-Botzmann models include very
complicated integro-differential equation, and hence, the physically valid approxi-
mate descriptions of radiative transfer need to be introduced. Such approximation
models may be classified in two major catalogues: diffusion approximation model
and P;-approximation model. First, for the diffusion approximation (also called the
Eddington approximation) model, which is particularly accurate if the specific inten-
sity of radiation is almost isotropic (see [32]), the governing equations can be written
as follows ([16], Appendix):

ot + div(pu) =0,
ou; + o(u-V)u+ VP = pAu+ (p+ A\)Vdivu,

(1.2) oe; + ou- Ve + Pdivu = kA + 2uD : D + A\(divu)? — 50* + o4n,
1

—ng — An = 56* — ogn,
c
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where n = n(x,t) is the radiation field and ¢ > 0 is the the light speed. If we assume
that the reciprocal of the light speed 1/c is very small, then letting 1/¢ =0 in (1.2),
and denoting q = —Vn yields that

divgq=256*—0o,n and —Vdivq+o.,q+aV(8*) =0.

Therefore, we can formally obtain the limit system (1.1) from (1.2) as 1/¢c — 0.
Next, for the P, approximation model under the two physical approximations, that

¢

is, “gray“ approximation and P; approximation ([32], Chapter 3), the governing

equations can be written as follows (see [19]):
o + div(eu) =0,
ou; + o(u-V)u+ VP = pAu+ (n+ A\)Vdivu,

oe; + ou- Ve + Pdivu = kA0 + 2uD : D + \(divu)? — 56* + o4no,

(1.3) 1 B
—(no)¢ + divny = g6* — o4no,
c

1
E(nl)t + Vno = —ny,

which is valid when the distribution of photons is almost isotropic, where n = ng +
n; -w and w € S? is the direction vector of photon. Taking 1/c =0 in (1.3), 5 and
setting q = —Vng, we obtain

divgq=56* —0o,n9 and —Vdivq+ o.,q+aV(0*) =0.

Therefore, we can also formally obtain the limit system (1.1) from (1.3) as 1/¢ — 0.
These arguments show that we can regard system (1.1) on the compressible viscous
fluid flow with radiation as an infrarelativistic model of diffusion approximation
model (1.2) and P;-approximation model (1.3).

We will review some mathematical results for the approximation models in ra-
diation hydrodynamics. For the diffusion approximation model (1.2), the global
existence of solutions was proved in [20], [15] and [16] in the case of the 1-D
initial-boundary value problem and 3-D Cauchy problem, respectively. Recently,
for a nonequilibrium diffusion approximation model in thermally radiative magne-
tohydrodynamics, which is a generalization of system (1.3), the global existence
of solutions was proved in [17] and [21] for 1-D and 3-D case, respectively. For
3-D Cauchy problem of system (1.3) with 4 = A = k = 0, the local existence of
solutions was proved in [22]. Next, for a more simplified P;-approximation model
taking no account of energy balance law, the global existence of solutions was proved
in [3], [47] for the multi-dimensional Cauchy problem. Recently, the results were
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generalized into more physically relevant situation of polytropic flows by [4]. For
the Pj-approximation model (1.3), the nonrelativistic limit of local solutions was
studied in [19] and in the case of 1 = A = k = 0, the nonequilibrium-diffusion limit
at low Mach number was proved recently in [18]. Also, considerable progress has
been obtained in the study of stability of basic wave patterns (such as shock wave,
rarefaction wave and contact discontinuity) for the 1-D compressible fluid flow with
radiation; we refer to [44], [13], [2] for system (1.1) and to [28], [23], [29], [30], [43],
[27], [48], [37], [36], [45], [1] for system (1.1) with u = A = k = 0. Though, the
multi-dimensional problem of system (1.1) was considered only in [46], where they
showed the global existence of smooth solutions and decay rate for the 3-D Cauchy
problem in the case of the ideal polytropic gas

(1.4) P = Rpf, e=c,b,

where R, ¢, are the positive constants. However, it does not seem to be suitable
that the gas is ideal polytropic because the radiation effects will originate at high
temperature. Thus, a natural question arises: can we show the similar result as
in [46] for the more general gases including ideal polytropic gas? In this paper, we
give the positive answer to this question for system (1.1) in 3-D with the initial
condition and far field condition

(1.5)  (0,u,0)(x,0) = (00,u0,00)(x) and lim (o, u,8,q)(x,t) = (g,0,6,0),

|x|]—00

respectively, where g, 8 are the given positive constants, and with the gas law satis-
fying

(1.6) Py(0,68) >0, eg(o,8) >0 foranyp>0,6>0,

which is natural and more general than ideal polytropic gas (1.4).
Our main result is stated as follows:

Theorem 1.1. Assume that (1.6),

(1.7) (00 — 0,u0,00 — 0) € HY(R?), inf go(x) >0, inf Oy(x) >0

x€ER3 x€ER3

for an integer N > 3. Then there exists a positive constant €y > 0, dependent only
on i, \, k, 04,0, 0,0, such that if

(1.8) (0 — @, 10,00 — 0)||gs < eo,
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then the Cauchy problem (1.1), (1.5) admits a unique solution (p,u, 6, q) on [0, )
satisfying

(0 —2,u,0 —0) € C([0,00), HN(R?)), (q,divq) € C([0,00), HN " (R?)),
Vo€ L*(0,00; HNH(R?)), (Vu,Vé,q,divq) € L*(0, 00; HY (R?))

and

(19)  sup (o= g0 = DO +(@diva)Olv-) + [ [Velv-rdr
+

+ / |(Vu, V6, g, diva)|%~ dr < C|l(g0 — @ 10, 6o — 0)[|%w
0

where C' is a positive constant independent of x,t and €.
Moreover, if (g9 — @, 0,0y — 0) € H‘S([RB) for some s € [0, %], then

(110) H(Q_évuvg_é)(t)H?{—s < COv
and
(1.11) (e = a,u,8 = 0)(®)| %~ + [(a, diva)(®)|Fx—1 < Co(1+1)7%,

where H—*(R?) denotes the homogeneous negative Sobolev space (see Definition 1.1).

By Lemma 1.5, we obtain that for p € [2,2), LP(R3) C H%(R3) with s =
3(p~* — 3) € (0,3]. Then by Theorem 1.1, we have the following corollary of the
usual LP-L? type of decay result:

Corollary 1.1. Under the assumptions of Theorem 1.1 except that we replace
the H—* assumption by that (00 — 8,u9,0p — ) € LP(R3) for some p € [%, 2), the
following decay results hold:

(e — 2,6 = B)(t)[IF~ + ll(a, div @) (8)|[7v-1 S (1 +1)>0/P7/2),

Remark 1.1.

(1) For the global existence of the solution, we only assume that the H3-norm of
initial data is small, while the higher-order Sobolev norms can be arbitrarily
large (see (1.8)).

(2) It is not clear yet that the constraint s € [0,1] in the decay rate (1.11) of
Theorem 1.1 can be extended to s € [0, 3).
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Remark 1.2. We briefly review key analytical technique. To prove Theo-
rem 1.1, we will use the energy method originally developed by Guo-Wang [12], which
relies essentially on the following two main steps: a priori estimates at [th level and
negative Sobolev norm estimate. This idea was applied to the Cauchy problems for
the compressible fluid flows in R?; we refer to [40] for Navier-Stokes-Poisson system,
[39] for Navier-Stokes-Kortweg system, [11] for nematic liquid crystal flows and [34]
for quantum Navier-Stokes system. Thus, the coupling between the Navier-Stokes
equations and the radiative transport equation brings some trouble to get a priori
estimates. To this end, we first obtain the basic energy estimate (2.10) for general
gas satisfying (1.6). Next, we reformulate system (1.2) into (2.3) to get kth higher
order estimates (see Lemma 2.2-Lemma 2.4). Last, we get estimate (3.1) in nega-
tive Sobolev space H~%(R3) for s € (0, 1] (see Lemma 3.1). Then, combining basic
energy estimate, kth higher order estimates and negative Sobolev norm estimate, we
will prove Theorem 1.1 in the last section.

Notation 1.1. In this paper, L*(R?) and W} (R?) denote the usual Lebesgue and
Sobolev spaces on R®, with norms ||-||» and [[lws, respectively. When p = 2, we
denote W) (R?) by H*(R®) with the norm |||z« and ||-|go = ||-|| will be used to
denote the usual L?-norm. The notation ||(A1, As, ..., A;)|| g+ means the summation
of ||A;||g+ from i = 1 to i = I. For an integer m, the symbol V™ denotes the
summation of all terms D% with the multi-index « satisfying || = m. We omit
the spatial domain R? in integrals for convenience. We also employ the notation
a < b to mean that a < Cb for a universal constant C > 0 that only depends on the
parameters coming from the problem.

In order to establish the negative Sobolev estimates, we should review the following
useful results. To this end, let us first introduce the following necessary definition.

Definition 1.1. For s € R, H*(R?) is defined as the homogeneous Sobolev space
of f, with the norm

11z = 1A £,
where A® is defined by

s <) = L s eQrcix~§
(WD) = o [ €l Foe=<ag,

where f(f) is the Fourier transform of f, f(f) def Jrs f(x)e=Zmixe dx,

Moreover, we need the following standard results which will be used extensively
in our estimates.
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Lemma 1.1 (Gagliardo-Nirenberg inequality, [31] or [40], Lemma A.1). Let I, s
and k be any real numbers satisfying 0 < I, s < k, and let p,r,q € [1,00] and
I/k < 0 <1 such that

l—lz(f—l)(1—9)+(5—1)9.

3 5 3 r
Then for any u € WF(R®) we have

(1.12) V'l e S IV ull g1V ul| Lo

Lemma 1.2 ([33], Lemma 2.5). Let f(¢) and f(p,w) be smooth functions of ¢
and (p,w), respectively, with bounded derivatives of any order, and ||| (rs) +
lw|| Lo (rsy S 1. Then for any integer m > 1 we have

(1.13) IV f(@)llr < CIV™¢l Lo,
IV f (e, w)][e < CIIV™ (0, w)| 2o

for any 1 < p < oo, where C may depend on f and m.

Lemma 1.3 ([33], Lemma 2.6). Let o be any multi-index with |a| = k and
1 < p < oo. Then there exists a constant C' > 0 such that

(1.14) 1D (f) e < CUF LoV *gllzre + IIV* Fllzesllglzes),
D%, flglize < CUNV Fllzo IV gllzee + IV Fllzesllgllzes),

where f,g € S is the Schwarz class, 1 < pa,ps < 0o such that 1/p=1/p1 + 1/p2 =
1/ps +1/pa, and [D*, flg = D*(fg) — fD"g.

By the Parseval theorem and Holder’s inequality, it is easy to check the following
result (see [40]).

Lemma 1.4. Let s > 0 and ! > 0. Then we have

with 0 = 1

1.1 l < 1+1 1-6 6 -
(1.15) IV S IV A N = e

If s € (0,3), A=®¢g is the Riesz potential. Then we have the following LP type
inequality by the Hardy-Littlewood-Sobolev theorem (see [38], pp. 119, Theorem 1):

Lemma 1.5. Let 0 < s < 3,1 <p<g<ooand 1/q+ s/3 =1/p. Then we have

(1.16) A fllze SN fllze-
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Last, we need the following estimate on differential inequality:

) YOy <o

c_ot)*(“rs)

< (141t 7(l+s).
R

= f(t) < (£ +

2. A PRIORI ESTIMATE AT KTH LEVEL

In this section, we will derive the a priori estimates which play a crucial role in
the proof of Theorem 1.1. By using the thermodynamical relation

(21) _9269(97 9) = 9P9(9a9) - P(g,@), éS(ga S) =0 and é@(gv S) = Q2P(97 9)7

where é(p,S) = e(p,0) and S is the entropy of gas, (see [14], (1.6) and (1.7)), we
rewrite (1.2), as

9P9(Q7 9) . K
———— L divu—- ——=A¥f
oeg(p,0) oeg(0,0)
~ 2uD:D  A(divu)? _divg
969(956) Qee(gae) Qeg(g,e)
. . 2 .
S, +u-VS — iAf): 2uD : D n A(divu) B d1vq.
00 et ot ot

(2.2) 0, +u- Vo +

Setting
p=0—0 and (=0-0,

and using (2.2),, we reformulate system (1.1) as

(2.3) o1+ odiva = gy,
A P,(2,0 Py(p,0
w — Lan - P AG g 1 D@0 g D@0 G o
0 0 0 0
0P (0,0) .. K divq
+ ————~divu = —AQ — — + g3,
“t e(0.0) oe0(2,0) geo(2,0)

—Vdivqg + 0,q + 450V( = g,
where g1, g9, g3 and g4 are defined respectively by

(24) g1 = —pdivu—u- Vo,

Y

g2 = —(u, V)u+ hi(p, Ve + ha(p, Q)V( = ha(p) (nAu + (1 + A)Vdivu),
0 o

@@mmo—%@m—&@”,@mo—%f@‘%%@
hs(p)=0""—0o",
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R 2uD: D A(divu)?
(26) g5 = —u- V= rha(p, OACH om0+ o)

+ hs(p, Q) divu — hy(p, () divq,

h = — — h = L —
W00 =200 @t YT 2e0.0)  oeled)
and
@.7) g1 — 45(C* + 30C% + 30°)VLC.

We suppose that (¢,u,(,q) € Xn(0,T) is the solution to system (2.3) for any
constant 7' > 0 and an integer N > 3, where X (I) is defined by

Xn(I) ={(p,u.¢,q) | (p,u,¢) € C(I; HY(R?)), (q,divq) € C(I; HN 1 (R?)),
Ve e LA(I; HN7Y(R®)), (Vu, V¢, q,divq) € L*(I; HY (R?))}

for any interval I C [0,00). Also, we assume

(28) sup (e OOl + a®) =) <

for sufficiently small €1 > 0. By using (2.8), we can choose 11 > 0 such that

(2.9) 0<=<o(x,t) <20 and 0< = < 0(x,t) < 26.

N
N | D

We first give the following basic energy estimate:

Lemma 2.1. Under assumption (2.8), we have

Oq

d K 2 K 2 1 . 2 2
2.10) — Ed = - |14 _ <0,
210 & (/Q x) g lIVul™ GG IV + goag divall + 555 lal
where
—(e—a)+iu2-ds-5) +P(1-1
(2.11) £:=(e—2)+u’ (S S)+P<Q @),

where € = ¢(0,0), S = S(0,0) and P = P(p,0).

Remark 2.1. It is easy to check (see [14]) that by (2.11) and (2.1), we have

(2.12) / o€ dz = | (., O) ()]
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Proof. By using (1.1) and (2.2), we obtain
(2.13)
(0€): + div(pu€) = p&: + pu - VE

- (1 - g)(me +2uD : D + A(divu)? — divg) — Pdivu

+pAu-u+ (p+A)Vdivua-u— VP u+ Pdivu.
It is easy to check that

0 o2
(2.14) /(1— g)Aé)dxf /9—2|vg| dz,
—Pdivu—u-VP + Pdivu = —div[(P — P)u],

/(1—%) diqux——/gvg-qu.

Multiplying (2.3), by q/(456%) and integrating the resulting equality for z € R?, we

get
1
(2.15) /92|dlvq|2d$+ /92|q|2dx+/92VC qdz
1 g4 q /dlvq
T — dx.

Integrating (2.13) for z € R? and using (2.14), (2.15) and (2.7), we have

d

(2.16) T (/ o€ da:) + pl|Vul|® + (g + N)||divul)® + K/ o V(|2 da
1
+ —= /92|d1vq|2dx—|— 02|q|2dx— Ji1 + Ja,

where
(2.17) Ji = /%(zun . D + A(divu)?) da,

b= [ Ly 38 1 320ve-qdr+ = [ Wve. gy de

=) 175 ] "o

Using (2.8) and (2.9), we obtain from (2.17) that
(2.18) [l S edllVall?, 2] S er(IVEIP + llall® + [|div ).

Substituting (2.18) into (2.16) and using (2.9) and the smallness of &1 > 0, we
get (2.10). The proof of Lemma 2.1 is completed. O
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Lemma 2.2. Under assumption (2.8), we have
it ( 0) ( 0) [
@19)  S(vrup - P8 gy |w%u)+ﬂWHmw

HV’“ divql® + IV al?

B2 +
* @HHV cl”+ 40 92 4o 92
S er(IVHHll® + [Vell® + [Vul® + (| V¢)1?)
fork=1,...,N —1.

Proof. Applying V¥ to (2.3) yields

(2.20) VFp, + gdiv VPu = V¥,
P (53
VFu, — gAvku — L_‘__/\)Vk"’l divu + kaﬂsﬁ
0 0 0
Py(o,0
+ 9(; )VkJrlC _ ngQ;
0Py (0,0) k K ke, Vidivg |y
VFG + ——2divViu= ——— + ———= +Viygs,
" es(2,0) oco(0.0) oy (0.0) ’

— Vil divq + 0, VFiq + 460VFTI¢ = Vg,

Multiplying equations (2.20),, (2.20), and (2.20), by V*u, (eg(g,6)/0)V*¢ and
(0a/(4500%))V*q, respectively, and using (2.20), and (2.4)—(2.7), we have

1d Py(2,9) l2)
1) 5 (It + 228w + LD i) + £ f[9-igR s

+ /(@|Vk+1u|2 + (7_)|div Vku|2) dz
0 4

Oq . 1
+ 1500 /|Vk div q|* dz + 15002 /|qu|2da:
P@(Q79 epl0, é)
= > )1k+1,§+ (é I’f+*¢92]’“’
where
(2.22) Il = —/Vk(gadivu—i—quo)ngada:,
(2.23) I} = / VF[(u |- VPudz

+/Vk[h1(%C)Vsﬁ + ha(p, O)V(] - VEudz

- /Vk[hg(go)(uAu + (p+ AV divu)] - VFuda,
=R'+ P+ I
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(2.24) I} = — /Vk[u V¢ = hs(p, ¢) divu + hy(p, ¢) divq]VF¢ dz
— 5 [ Ve, OAGV G da
+/Vk {2MD : D + A(divu)? VrC da

oeq(0,0)
_ I]g)l +I]§2+I]§3;

and
(2.25) Il =— / VHEI(C3 +30¢% + 36%¢)V(] - VFEqdaz.

We estimate the right-hand side in (2.21). For I}, using Holder’s inequality, (2.9)
and (1.12), we obtain from (2.22) that

(1.14)
2.26) I S (lellzsIV*al + [Vl Ve s
+ [l s [V ol + Vel I VFul s) IV * gl s

(1.12)
S (el IVl IV ) + (| Val[[| Ve |/ R Wk g =1/ R

+ ||llH1/2||v11||1/2||vk+180”
IVl [Vul /R Va0 vk g

(2.8)
< allVi el + IV al® + [[Vel* + [[Vul?).
For I}, using Holder’s inequality, (2.9) and (1.12), we obtain from (2.23) that

(1.14)
22n) ' < (lallesl V)l + [Vl VFall2s) [ VFul| s

(1.12)
S (Va9
(V[T R 0 gy
(2.8)
< AVl + V),
(1.14)
22) 12 < (e, Qs IVl + ko, Olls IVH DI Vo ul 1o

+ (IVelllV*ha(e, O)lls + IVCIIIVERa (e, Ol o)Vl Lo
(2.8),(1.13) k+1 k+1 k+1
S allVT el + (IVFTCIDIVE all + (Ve + [V

< (IV*ll + [V [l /[ 74+ |1/
S allVF Tl + [Vl + [VEEIC2 + ([ Vel + [V CI12),

~
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(229) P = - / V1 [div(ha(p) V) — Vhs () Vu] - V¥ ude

—(Atn / VF 1V (hs(p)diva) — Vhs(p)diva] - VF ada

(1.14) - .
S (sl IVF Tl + [Vl s [VEhs (@) | Lo

+ [ Vhs(@) 22 [V ul|£e) [V ul|

(2'8)21'13) E+1..(2 \iam IE:
er([[VFTul” + ] el”).

~

Therefore, we have
(2.30) i Ser([VF )l + [IVF )2 + [VEHCP + [Va)l® + (Ve + ([VC%).

For I, using Holder’s inequality, (2.9) and (1.12), we obtain from (2.24) that
5 2Y E+1 k k
Ii S (s V4 IIVCIT a2 [Vl o) [ VEC Lo
+ (lhs (0, Ollzs IV*F | + [Vl g2V s (0, Ol 2o ) IVFC | o
+ (1hale, Olles IV* dival| + [IVal s/ [ VERa (o, Ol 6) [ V¢ o

(2.8),(1.13)

S eIV + [[VEHfP + [V + (VR dival),

Lz = “/Vk_l[diV(M(@,C)VO — Vha(p, Q)V(] - V¥ dx
(1.14)

S (e, Ol IV + 1VC 22 1V hal, €l o
+ [ Vha(e, Olla [ VEC o) V¢

(2.8),(1.13)
S a(IVR? + IVEHel?),
. (1.14) D D
33 < ‘ ‘ kD DIl l[v* H k
5 (o |19+ 1Pl [V (o ) ) 194 lse
dlvu divu
(H IV divl] + dival s vk(i)H) I7%¢| 16
(2.8

A

< el(HV’““uiHHV’“(gea el 7 G il

(2.8),(113)
S a(VH )P+ [ VE el + VR,

~

Therefore, we have

(2.31) LS e(IVE ) 4 [V |2 + [P + [V div g ).
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For I}, using Holder’s inequality, (2.9) and (1.12), we obtain from (2.25) that

(2.32) It = / VFhe(O)V(] - VFiqde
S (s (Ol e VN 1V 231V A6 (O £6) 1V all
S et(IVMHC)? + 1 VRal?),

where he(¢) = ¢3 + 30¢2 + 30%¢C.
Substituting (2.26), (2.30)—(2.32) into (2.21), and using the smallness of £; > 0,
we get (2.19). The proof of Lemma 2.2 is completed. O

Next, we have:

Lemma 2.3. Under assumption (2.8), we have

d Py(2,0) es(2,9) p
9. a ko2 o\&, E_p2 0, k12 Foiok+1,.012
@33) IVl + GV + VA + B vt
K 1 o
i vk+1 2 _ de 2 a_ vk 2
+ IV + o IVF dival? + Vil

S aIVFe|? + [V ul* + [ VE¢]?)

fork=1,2,...,N.

Proof. We use (2.21)-(2.25). Using (1.13),, along the same lines as in (2.26),
we obtain from (2.22) that

(2.34) I} = /Vk(apdivu)vkapdx—/[Vk,u]Vgovkapdx—k%/divu|vk¢|2dx

A

(Il V" ull + Va2 [Vl DIVl

+ (IVull = V¥l + 1Vl 3|Vl o) [ VF ol + ([ Vul| L || VE o] ?
(28) k 12 k+1..112
S a([VEll” + [V ul).

Along the same lines as in (2.27)—(2.29), we have
= — /Vk_l[(u -V)u] - V¥ ude

(1.14)
S (lulle= IVl + |Vl s [VF  ual £o) [V ]|
S a(VF )P + [ Via?),
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2 = _/Vk*l{hl(%()vwhz(%()vd~V’““udfc

(1.14)
S U Q=Y el + 190l o I95 R, ) o)1 V4

+ (I, Olle IV + V¢ IV o, ) Lo [V
(2.8),(1.13) - - o
S allVF )P + VRl + VR,

(1.14)
2 S (@@l IV ull + [[Vull o [ VER3(9)

+ VA3 (@)l s [V o) [VE
(2.8),(1.13)
S allve il + [IVEel).
Therefore, we have
(2.35) I S er(IVF Tl + VRl + V5] + [VR¢)1%).
By similar arguments, it is easy to check that
(2:36) L Ser(IVMhul® + [VEFICP + [V Rl2 + [V + [V divgl?)
and
(2.37) I S ea(IVECIP + [IVF divg?).

Substituting (2.34), (2.35)—(2.37) into (2.21), and using the smallness of 1 > 0,
we get (2.33). The proof of Lemma 2.3 is completed. O

Lemma 2.4. Under assumption (2.8), we have

(2.38) )
Py(0,0
G [ Tru T+ DAED e 2 < TRt 4 [ 7

fork=0,...,N —1.
Proof. Multiplying (2.20), by VFl¢ and using

VFu, - Ve dr = 4 VFu-VFlpde—p [ (divvFu)? dz+ | VFgdivvFude
LT
due to (2.20),, we have
— 7
P,(g,0 ,
(2.39) %/V’“u VA o dr + %Hv’ﬂrl@”? — @/(divvku)2 dz = Z%
j=5
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where

2.40 I} = [ VFdiv(eu)divVFiudz — [ VF[(u, V)u] - Vo ds
(2.40) i

+ /Vk[h’l (410) C)VQO + hQ(QOa C)VC] ' Vk+130dl‘,
(2.41) If = — / VF[ha (@) (pAu + (p + A)Vdivu)] - VF o da,
(2.42) Ii=— g/vkﬁuvlﬁlg@dx - ié)\/vk'“ divuVv* e de

PG(Q? )/Vk+lgvk+1
0

We estimate the right-hand side in (2.39). For I}, along the same lines as in
(2.26)—(2.28), we obtain from (2.40) that

(2.43) S a([VMal? + [VE | + [[VEFC)2).

For I} we obtain from (2.41) that

(1.14)
244) S (lha(@)leeVF*2ull + [ Vull s [VERs (9) ]| o) [ VFH ]

(2'8)é1'13) VF 212 vhH |2
ex(|l ul[” + | ell")-

~

For I/ we obtain from (2.42) that

(2.45) IL S IV 2all[|VE el + [ VEFIC Vg
SVl + IV a2 + | VETC)?)
for any n > 0.
Substituting (2.43)—(2.45) into (2.39), and using the smallness of £; > 0 and n > 0,
we get (2.38). The proof of Lemma 2.4 is completed. O

3. NEGATIVE SOBOLEV ESTIMATE

In this section, we will derive the evolution of the negative Sobolev norms of

solutions to system (2.3).

Lemma 3.1. Under assumption (2.8), we have

d /P,(p,0), . s , s
1) 5 (P2 el + ja-rupp + <D a-sqye)

dt
S (IV(e, w, Ol + HquH AT (0, w, Q)| + 1| VC|[7

for s € (0, 3].
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Proof. Applying A% to (2.3) yields

(3.2) AP+ odivA P u=A"%¢g,

Afsut_gAAfs (‘LL—’_)\)VCI A %u Pg(€79)VAng0
Y 0
Py(0,0)  , _ _
+ DO Gy = g,
_ 0P(p,0) _ K _ A=%divq
A5G+ 2 divA~*u = —AA® 74—1& ,
@t eo(0,0) oeo(0,0) < oeq(0,0) 7

— VA *divq + 0, A" 5q + 400VA "¢ = A %gy.

Multiplying equations (3.2),, (3.2); and (3.2), by A~*u, (eq(2,0)/0)A=*¢ and

1/(4500%)A~*q, respectively, and using (3.2), and (2.4)—(2.7), we get

1d s 2 P( ) s 2 ( ) s
(33) g (ATl S A IA=¢?)
)\
+/(j|VA_Su|2 (’” WA, iy a-ul) dr
+—/|VA 5§|2dx+ 1 /|A s divq|® dz
J S
+ o [ 1A aP s
P9(9’0)18+IQ+ eq(0 9)1104— 717 .
02 0 002
where
(3.4) I8 = /A*S(godivu—l—qua)Afsgoda:,
(3.5) I° = — /A A *udz

+ /A*S[hl(w,ow + ha(,Q)VC] - A" udx
- /A_S[h:s(sO)(uAu + (p+ A)Vdivu)] - A" *uda,
(3.6) = — /A_S[u -V — hs(p, ¢) divu + hy(p, ¢) divq]A™ ¢ dz

—n/A*ma%OAdﬂ*au

N /A_S 21D : D + A(divu)?
oeq(0,9)
=1+ 5°+13°

}A—Sg dz
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and
(3.7) M= / A~ [he(0)VC] - A-*qda,

where he(¢) = (¢3 + 30¢% + 362%¢).

In order to estimate the right-hand side of (3.3), we shall use estimate (1.16). This
forces us to require that s € (0,3). If s € (0,3], then 3 + 1s < 1 and 357 > 6.
Then, along the same arguments as in [40], Section 3, we obtain from (3.4) and (3.5)
respectively that
(3.8)

I° < (IVallzn + IVelz)lliA=ell, 12 < (IVuld + Vel + [VEIE) A ul.

For 1'%, using Holder’s inequality and (1.16), we obtain from (3.6) that

0% < (lu- V¢ pisarevers + |hs(e, Q) divul| i/ 2eas
+ [[ha(p, Q) divall 1/a/zee/s ) [AT5C]|

VCl + lhs (e, Oll e« IVl + [[Rale, Ol Lo/

(IVaf 72 2l 2 75 4 ([ V|2 W2 /2
+IVCIMEE VA2 IV E + [Vl + ([div al) [ A5¢]

(lall 2/« divl, gl})[[A7*(]|

S
(1.12)
S

< (IVullfn + 1IVellz + IVCE)IAC,

1% S |lha(e, QAL pisaravern [N S Nlhale, )l pass

AcllA=C]l

(eellpars + 1ICh o) IIACIIATC]]

)
IVl 2| V2l V272 4 | V¢4 V3¢ /2= *) I 3¢ A ¢

< Vel + IVCzm)IA=¢l,

(

NE A

D:D (divu)? _
* 5 (e e 5
I3 (geg(g,e)‘L1/<1/z+s/3>+ 969(9,0)‘L1/<1/2+s/3>)”A <l
D divu
[ - A5 < 5/s A®
(sl PR P LA SR B A PR B

(1.12) [
S VPl VAT S (Ve AT

Therefore, we have

(3.9) ' < (IV (e, Oll + [IVullZe + [ldival ) A7l
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For I'!, using Holder’s inequality and (1.12), we obtain from (3.7) that

(310) I he(Q)VCl Liarzeem AT Al S [lhe(C)ll oo

(2.8),(1.12) , o
S alVellg: + A dl]%).

Substituting (3.8)—(3.10) into (3.3), we get (3.1). The proof of Lemma 3.1 is com-
pleted. O

VElA™qll

4. THE PROOF OF THEOREM 1.1

In this section, we shall combine all the estimates that we have derived in the
previous two sections and the Sobolev interpolation to prove Theorem 1.1.

4.1. The existence of global solutions. By Lemma 2.1, we have

(a1) ([ e a0) IO + @ dva)? <

We close the estimates at each kth level to prove (1.9). For N > 3, let 3 < m < N.
Summing up estimate (2.19) in Lemma 2.2 from k = 1 to m — 1, we get
(4.2)

d 2 PO o | ol@) .
i 2 (I9halP + =25Vl + FEEZI9ER) + XD 9h Ol

1<kam—1 2<k<m
. |V’“<q,divq>||2<clsl< 3 IIVk<P|2+||V(90,u,C)|I2)~
1<k<m—1 2<k<m

By estimate (2.33) of Lemma 2.3 with k = m, we have

4y (v + PLD gz 288 ygngye)

+ [V (u, O + ||Vk(qa div q)[* < Coer[[V™ (¢, u, O
Summing up estimate (2.38) of Lemma 2.4 from k = 0 to m — 1, we get

@y ¢ 3 [Vevteds VP ca Y 9ROl

0<k<m—1 1<k<m 1<k§m,+1

Let ¢ € (0, 1] be suitably small. Then, summing (4.1)—(4.3) and € x (4.4), we find
that

d .
(4.5) 0" (1) +Ag' (1) + > IVH@ diva)|* <0

0<k<m
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where

46) &= 3 VulP+e Y /Vku-Vk“godx
1<k<m 1<k<m—1

P (_7 9) 69(@7 9)
+QT > Hvk%"”2+T > HV’“CIIQJr/QEdm

1<k<m 1<k<m

and

(A7) AF() = (1—eCs) D IVF@QIP + (e = Crer = Coer) Y |[VFl*.

1<k<m+1 1<k<m

Since ¢ € (0,1] and €; > 0 are suitably small, using (2.12), we obtain from (4.6)
and (4.7), respectively, that

(4.8) E5 () = (12,0, ) () |3m
and
(4.9) AZ (1) = Vo) Izrm-—1 + IV (w, (&) [7rm

uniformly for all ¢ > 0.
Integrating (4.5) over (0,t), and using (4.8) and (4.9), we have

t t
(410)  [evw O + / IVl dr + / 1V (a, )% dr

t
+ / l(q div Q)| %y dr
0
<O (01, O)(0)[1n-

Applying V¥ to (1.1) 4, multiplying it by V¥q and summing up the resulting

equalities for £ =0,1,...,m — 1, we get
> IVFdivalP+o. Y [VFal?
0<k<m—1 0<k<m—1
—15 Y [V Vade £ VC e e
0<k<m—1

o
< §|\Q|\§{m—1 + O ¢l[Fm
which implies

(4.11) 1(div a, @)1 -1 S ¢ Zm-
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Now, taking m = 3 in (4.10) and (4.11), we arrive at

(4.12) (e, w, Q)OI + I (diva, @)l F < (e, u, O)(0)]1 7.

Using (1.8) and (4.12), by a standard continuity argument, we can close the a priori
estimate (2.8). This in turn allows us to take m = N in (4.10) and (4.11), which
then implies (1.9).

Now, the proof of existence and uniqueness of global solution is standard. So, we
omit the details for brevity.

4.2. Decay rate. We prove (1.10) for s € (0, 3] because it is obvious to check
(1.10) with s = 0. Setting

eG(@v é)
6

P.(0.0
E_u(t) = 22O g2 asu)?

@2

IA=*¢]?,

and using (1.6), we get

(4.13) E-s(t) 2 [IA7* (0, u, Q) (D).
Then, integrating in time (3.1), and using (4.13) and (4.10), we obtain that for
s € (0, %],
¢ ¢
Et) S +er [ IV dr+ [ (196 0.0l + [dival) VB dr
S 14+ sup VE_s(7),

0<r<t
which implies (1.10).

Next, we will continue the proof of (1.11) for s € [0, 3]. We may use (1.15) to find
that

(4.14) IV Z AT I,
By (4.14) and (1.10), we get

(4.15) IV (e, 0, Ol 2 I, w, QY2

Also, using [|¢(t)|| gy <1 due to (1.9), we have

(4.16) VYol 2 [V g1+,
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By (4.15) and (4.16), we obtain from (4.8) and (4.9) that
(4.17) AY() Z (& (8) .
Using (4.17), we deduce from (4.5) with m = N that
i<9N(zt) + Co(EN (1)) H® <.
e oo =
Solving this inequality directly gives (see (1.17))
& (1) S 1+1)7°
that is,
(4.18) 1o, w, OO~ S A+~

due to (4.8). By (4.18) and (4.11) with m = N, we obtain (1.11). The proof of
(1.10)—(1.11) is completed.
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