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ON THE DIFFERENTIAL GEOMETRY OF SOME CLASSES
OF INFINITE DIMENSIONAL MANIFOLDS

MAYSAM MAYSAMI SADR AND DANIAL BOUZARJOMEHRI AMNIEH

ABSTRACT. Albeverio, Kondratiev, and Rockner have introduced a type of
differential geometry, which we call lifted geometry, for the configuration space
I'x of any manifold X. The name comes from the fact that various elements of
the geometry of I'x are constructed via lifting of the corresponding elements
of the geometry of X. In this note, we construct a general algebraic framework
for lifted geometry which can be applied to various “infinite dimensional
spaces” associated to X. In order to define a lifted geometry for a “space”,
one dose not need any topology or local coordinate system on the space. As
example and application, lifted geometry for spaces of Radon measures on
X, mappings into X, embedded submanifolds of X, and tilings on X, are
considered. The gradient operator in the lifted geometry of Radon measures
is considered. Also, the construction of a natural Dirichlet form associated
to a random measure is discussed. It is shown that Stokes’ Theorem appears
as “differentiability” of “boundary operator” in the lifted geometry of spaces
of submanifolds. It is shown that (generalized) action functionals associated
with Lagrangian densities on X form the algebra of smooth functions in a
specific lifted geometry for the path-space of X.

1. INTRODUCTION

Albeverio, Kondratiev, and Rockner in [3, 4, 5] defined a type of differential
geometry for the configuration space I'y of a smooth manifold X. (I'y is the
set of all locally finite subsets of X and may be identified with the set of all
Radon measures on X of the form X,cgd, where S is a countable subset of X
without any limit point.) Their main idea was to construct vector fields, differential
forms, metrics, and other basic objects of the geometry of I'x, via lifting, in
a certain meaning, of the corresponding objects on X. (Note that I'x is not
modeled on a single topological linear space and hence the ordinary differential
geometry of (infinite dimensional) manifolds ([13 [I6]) can not be applied to it.) See
[T, 2, 7, [8, [1T1, 12, [15] [17) [18] for (some what) the same idea and its applications.
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2 M.M. SADR AND D.B. AMNIEH

The main goal of this note is to introduce, in an axiomatic and algebraic way, a
type of differential geometry called lifted geometry that generalizes the mentioned
geometry of I'x to a rather large class of spaces and infinite dimensional manifolds
associated with X.

In §2 we describe basic elements of a type of differential geometry in an abstract
algebraic framework. Similar geometries have been considered by many authors, see
for instance [6] and [I0]. In we recall some algebraic preliminaries. In we
define a geometry to be a pair (A4, D) where A is a commutative real-algebra and D
is a Lie-algebra of derivations on A. The new aspect of our geometry (rather than
the similar concepts introduced by others) is that it is developed with respect to an
arbitrary Lie-algebra D of derivations instead the Lie-algebra of all derivations. (As
we will see, this key property enables us to apply effectively the geometry for our
favorite (infinite dimensional) manifolds.) In and we define respectively
differential forms and de Rham cohomology in our geometry. In a geometry
on a set . is defined to be a geometry (A, D) such that A is an algebra of real
functions on .. Then the concepts of tangents space, vector fields, geometrization
of differential forms, and (weakly) differentiable mappings are considered.

In §3| we introduce a general framework for lifted geometry. Roughly speaking,
let . be a set of objects associated appropriately with a smooth manifold X such
that any (complete) vector field on X induces in a natural way a flow on .. Then
a lifted geometry for . is a geometry (A, D) on the set . such that A is an
algebra of functions on .# obtained via a distinguished lifting procedure of smooth
functions (or differential forms) on X, and such that derivations in D are also
constructed by lifting of vector fields of X in a canonical way. The algebra A is
interpreted as the algebra of smooth functions on . and D as the Lie-algebra of
smooth vector fields on .. Significance of any lifted geometry for . is that it is
constructed without any using of local chart or even topology on ..

In the rest sections we consider various examples of lifted geometry and its
applications: In 4] we extend some contents of [4] and construct a lifted geometry
for the space .#x of Radon measures on X, and its suitable subsets. In we
consider construction of gradient operator in the lifted geometry of .#x where X
is a Riemannian manifold. Also there is a little discussion about the corresponding
Dirichlet form associated with a random measure. In we consider a lifted
geometry for the set #Y¥ (and its suitable subsets) of measurable mappings from a
measurable space Y into X. In §7  we construct a lifted geometry for the set &% of
k-dimensional embedded submanifolds of X. Also we show that in our framework
stokes’ theorem may be interpreted as differentiability of the boundary operator
d: &% — &1 In §8 we construct a lifted geometry for the set Fx of tilings of X.
In §9] we consider a lifted geometry for the set €’x of smooth curves in X such that
its algebra is defined to be the algebra of generalized action functionals associated
to Lagrangian densities on X.

Although, in §§4H0] in each case we describe only one type of lifted geometry, the
reader will recognize that our methods can be appropriately modified to produce
various lifted geometries for the mentioned spaces.
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Notations. For a smooth manifold X we denote by C*(X) the algebra of
smooth real-valued functions on X. Q"(X) and Vec(X) respectively denote the
C°°(X)-module of n-differential forms and the Lie-algebra of vector fields on X. The
subset of functions with compact support is denoted by C2°(X). Similarly, Q7 (X)
and Vec(X) denote the subsets of forms and vector fields with compact support.
The Lie-derivative w.r.t. v € Vec(X) is denoted by d,. The exterior-derivative is
denoted by d.

2. A DIFFERENTIAL GEOMETRY FOR COMMUTATIVE ALGEBRAS

2.1. Preliminaries. Throughout all vector spaces and algebras are over the real
field R. Algebras have unit and modules are unital. Algebra morphisms preserve the
units. For vector spaces V, W, the vector space of linear mappings from V into W is
denoted by Lin(V, W). Composition of linear mappings makes Lin(V') := Lin(V, V)
into an algebra. We consider Lin(V') also as a Lie-algebra with the canonical bracket
[a,a'] ;== aa’—d'a (a,a’ € Lin(V)). Let A be a commutative algebra. For A-modules
M, N the set of A-module morphisms from N into M is denoted by Mod(N, M). The
vector space Lin(V, M) is a A-module with the module operation induced by that of
M in the obvious way. The vector space Mod (N, M) is considered as a sub- A-module
of Lin(N, M). We let Mod’(N, M) := M and Mod'(N, M) := Mod(N, M). We
also let Mod™(N, M) := Mod(N®4, M) (n > 2) and consider it as a sub-A-module
of Lin(N®4, M). (Here ®4 denotes the tensor product of A-modules.) We denote
by A"(N, M) C Mod"(N, M) the sub-module of alternating morphisms i.e. the
morphisms w € Mod™ (N, M) satisfying

w(ﬂcg(l) R R xg(n)) =sgn(o)w(x; @ - Q@ xy) .
We let Alt: Mod™ (N, M) — A™(N, M) be the A-module morphism defined by

Alt(f) (@1 ®--- @ ay) = % D sgn(0) f(Ta(1) @+ @ To(n)) -

Thus Alt is a left inverse for the inclusion A™(N, M) — Mod" (N, M). We have
the exterior-algebra A*(N, A) := &2 ;A" (N, A) with the wedge product
|

WA= (kk—;‘l)'Alt(w ®n) (we A¥(N, A),n € AN, A)).
A derivation d: A — M is a linear map satisfying d(ab) = d(a)b+ad(b) for a, b € A.
The set of all derivations from A to M is denoted by Der(A, M). This may be
considered as a sub-A-module of Lin(A, M). Also note that Der(A) := Der(A4, A) isa
sub-Lie-algebra of Lin(A). For any graded-algebra B = @22, B,, a graded-derivation
of degree k € Z is a homogeneous linear mapping d: B — B of degree k (i.e.
d(B,) C Byy4) satistying d(ab) = d(a)b + (—1)*"ad(b) for a € B,, and b € B. A
differential graded-algebra is a pair (B, d) where B is a graded-algebra and d is a
graded-derivation on B of degree 1 satisfying d> = 0. Then Ker(d) is a subalgebra
of B and Img(d) is an ideal in Ker(d). The graded-algebra Ker(d)/Img(d) is called
cohomology-algebra of (B,d). Also the vector space (Ker(d) N B,,)/(Img(d) N
B,,) is called n’th cohomology group of (B,d). A graded-algebra B is called
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graded-commutative if ab = (—1)""ba for a € B,, and b € B,,. (Thus A*(N, A) is
graded-commutative.)

2.2. Algebraic differential geometries. By a geometry we mean a pair & =
(A, D) where A is a commutative algebra and D is a sub-Lie-algebra of Der(A)
(not necessarily sub-A-module). For any geometry & = (A, D) we let D denote the
sub-A-module of Der(A) generated by D. Note that D is also a sub-Lie-algebra of
Der(A) and any 3 € D is of the form

(1) ﬂ = Zaiai (Cli S A,Oéi S D) .
=1

A morphism ¢: &' — & between geometries is given by an algebra morphism
¢: A — A’ such that for every o/ € D’ there exists o € D with the property

(2) o'(¢(a)) = ¢(a(a)) (a € A).
A weak morphism ¢: & — & is an algebra morphism ¢: A — A’ such that for
every o/ € D’ there is o € D satisfying (2)). Note that any weak morphism &' — &
which is surjective as the algebra morphism A — A’, is a morphism. It is easily seen
that compositions of (weak) morphisms between geometries are (weak) morphisms.
Thus we have the category of geometries with (weak) morphisms.

To any smooth manifold X we may associate the classical geometry

X = (C*°(X), Vec(X))
where by the abuse of notations Vec(X) also denotes the set of all directional-deriva-
tives d,: C°(X) — C*°(X) for v € Vec(X). (In the case that X is not compact we
have also the another geometry (C*°(X), Vec.(X)) associated to X.) Note that we
have Vec(X) = Vec(X). If f: X’ — X is a proper embedding of smooth manifold
X' into X then it follows from [I4, Problem 8-15] that the algebra morphism
f:C®(X) = C®(X") arraof
defines a morphism X’ — X. Thus the category of smooth manifolds and proper
embeddings may be regarded as a subcategory of the category of geometries.

2.3. Differential forms. For any geometry & = (A, D) let
d: A — AY(D,A) = Mod(D,A) (da)(a) := afa) (a€e A,a€D).
Then d is a derivation called exterior-derivative. Consider the exterior-algebra

A*(D, A) and let Q*(®) denote the subalgebra of A*(D, A) generated by A and
the image of d. Let

Q"(®) == Q" (&) N A™(D, A) (n>0).

Then Q*(8) = @5, Q" (&) is a graded-commutative graded-algebra called the
exterior-algebra of &. Any element of Q"(®) is called a (differential) n-form for &.
Note that 2°(&) = A and any w € Q7(®) is of the form

k
(3) w= Zaé(da{)/&-#\(dai) (al € A).
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Theorem 2.1. d: Q°(®) — QY(&) extends uniquely to a graded-derivation
d: Q°(&) - Q° (&)
of degree 1 satisfying dd = 0. Thus the pair (Q*(®),d) is a differential graded-algebra.

Proof. Suppose that for a, b € A we have a(db) = 0. Thus ay(b) = 0 for every
v € D. For every a, 3 € D it follows from a(a8(b)) = 0 that a(a)B8(b)+a(aB)(b) = 0.
Similarly 8(a)a(b)+a(Ba)(b) = 0. On the other hand we have a([«, 5](b)) = 0 (since
[, B8] € D). Thus a(a)B(b) — B(a)a(b) = 0. This means that (da) A (db) = 0. Thus
from a(db) = 0 we have concluded that (da)A(db) = 0. Similarly it can be shown that
if for a family {a] }fzé:f of elements of A we have Zle ap(dal) A---A(dal) =0
then Zle(daé) A(dal) A--- A (dad) = 0. Thus the assignment
ap(dai) A -+ A (day) — (dag) A (dag) A -+ A (day)

defines a linear map d: Q"(&) — Q"F1(&). The desired properties of d can be
checked. (]

For the classical geometry X the objects d and Q"(X) coincide with the clas-
sical exterior-derivative and the module Q"(X) of differential n-forms on X. In
the following theorem we see that the classical concepts of Lie-derivative and
interior-product associated to a vector field can be stated for geometries. The proof
is similar to the classical case and omitted.

Theorem 2.2. For every o € D there exists a unique graded-derivation
do: Q°(6) — Q*(8)

of degree zero such that it commutes with d and such that do(a) = a(a) for every
a € A. There exists also a unique graded-derivation

io: 2°(B) - Q"(B)
of degree —1 such that for every a € A, i,(a) =0 and i4(d(a)) = ala). Moreover,
for any two derivations o, 3 € D we have :
do =igod+doia=(ia+d)*> and g =daoig—igod,.
2.4. de Rham cohomology. The cohomology-algebra of (Q*(®),d) is denoted
by
Hig (®) = @52 Hr (8)
and called de Rham cohomology of &. Note that Hj, (&) is graded-commutative.

For the classical geometry X, H’y (X) coincides with the usual de Rham cohomology
of X.

Theorem 2.3. For any morphism ¢: & — & there exists a unique algebra mor-
phism ¢: Q*(B) — Q¥ (&) of degree 0 (i.e. H(Q™(&)) C Q*(B')) which extends
¢: A— A and commutes with the exterior-derivatives (i.e. ¢pd = d¢). Hence this
extended morphism induces an algebra morphism

Hir (¢): Hir(®) — Hig (&) .
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Proof. ¢ extends to differential forms by the formula

¢(ao(dar) A -+ A(dan)) = (dao)(dgar) A--- A (dgan) .
The well-definiteness and desired properties of this extended ¢ can be checked. [J

2.5. Geometries on sets. Let . be a set and & = (A, D) a geometry. We say
that . has the geometry & (or & is a geometry on ) if A is an algebra of
real-valued functions on . with pointwise algebra operations. (Thus the unit of A
is the constant function with value 1.) We shall see in the following that A may
be regarded as the algebra of smooth functions on . and D as the Lie-algebra of
vector fields on ..

Let . be a set having the geometry & = (A, D). For any point p € . we let

T,() :=D/{a € D: (aa)(p) =0,Ya € A} = D/{a € D: (aa)(p) =0,Va € A}

where = denotes the isomorphism of vector spaces induced by the embedding
a — « from D into D. We call the vector space T,(.#) the tangent space to .7 at
p. The disjoint union set T(.) := Upe.»Tp(7) is called the tangent bundle of .7 .
For any o € D the geometrization af of a is defined to be the mapping

oli S = T(F) pre

where [a], denotes the image of o in T,,(.#). Any a' is called a vector field on .7.
The set of all vector fields on .7 is denoted by Vec(.#). For a € D it is reasonable
to call af a basic vector field. Thus any vector field on .# is a combination of the
form Z?:l aiag where a; € A and aI is a basic vector field on .#. Note that D is
identified with Vec(.#) through the assignment « + af and hence the Lie-algebra
and the A-module structures on D transform to the corresponding structures on
Vec(.). We denote Q*(8) by Q*(.7). For any w € Q () the geometrization of w
is defined to be the mapping with domain . that assigns to any p € . the linear
functional
T =R o)y (w(a)(p).

Note that the above linear functional is well-defined: We know that w = Zl b;da;
for some a;, b; € A; thus if [a], = [0], then we have

(w(a))(p) = Z bi(p) (afai))(p) = Z bi(p) (B(ai))(p) = (w(B)) (p) -

More generally, for any w € Q"(&) the geometrization of w is defined to be the
mapping that assigns to any p € . the well-defined alternating n-linear functional

T,(S) x - xTp(#) =R ([al]p, ol [an]p) — (w(a1 Q- Q® an))(p) )

Note that any w € Q"() is completely distinguished by its geometrization. It
follows that if D is finite dimensional with dim(D) = m then Q" (.%) = 0 for every
r>m.

Let &', & be geometries respectively on ./, .. A mapping f: ' — % is called
algebraic if for every a € A we have ao f € A’. For the algebraic mapping f the
assignment a — a o f defines an algebra morphism ff: A — A’ called algebrisation

of f.
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An algebraic mapping f: ' — %, as above, is called (weakly) differentiable if
[T is a (weak) morphism from &’ to &. Such a f induces the natural mapping

(4) T(S") = T(S) [l = [e] s ()

where o/ and « are related with each other as in . The bundle mapping
which is also fiberwise linear may be regarded as the derivative of f.

The classical geometry X is obviously a geometry on the set X. For any p € X,
T, (X) coincides with the usual tangent space to X at p. Also for any ordinary
vector field v on X the geometrization of d, coincides with v. If f: X’ — X is
a proper embedding of smooth manifolds then f is differentiable as a mapping
between sets having geometries.

3. A GENERAL FRAMEWORK FOR LIFTED GEOMETRY

From now on X is a fixed smooth finite dimensional manifold without boundary.
We denote by Difeo(X) the group of diffeomorphisms of X. The flow R x X — X
of any complete vector field v € Vec(X) is denoted by

(t,x) — e () teR, zeX).
Let % be a set with a left group-action
Difeo(X) x % — U (0,5) — O xs.

A subset . C % is called almost Vece(X)-invariant if for any s € . and
v € Vece(X) there exists € > 0 such that e’ x s € . for every ¢t with [t| < e. As
example, for any S C % the sets

{6 xs: 6 € Difeo(X),s € S}

{(eh™r ety xsin > 1,t,.. . b, € R v, ..., v, € Vece(X),s € S}
are almost Vece(X)-invariant. Let " C % be almost Vec(X)-invariant and let
[ — R be a function. The directional-derivative d,, f of f is defined by
i i fexs) — f(s)
(@ f)(s) = fim T2
The function f is called 1-differentiable if for every v € Vec.(X) and s € .7 the

above limit exists. If f is 1-differentiable then it is continuous in the following
sense:

(v e Vece(X),s€.7).

%ilr(l)f(et”*s):f(s) (v € Vece(X),s €.7).

The function f is called n-differentiable (n > 2) if for every v € Vec(X) the function
d, f exists and is (n — 1)-differentiable. f is called smooth if f is n-differentiable
for every n. f is called linear-derivable if it is 1-differentiable and the mapping
v — d,f from Vec.(X) into the vector space of all functions on .7, is linear. f is
called Lie-compatible if it is 2-differentiable and the following identity holds:

(avaw)(f> - (awav)(f) = a[v,w](f) (U7w € VeCC(X)) .
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If f is smooth, linear-derivable and Lie-compatible then for any u € Vec.(X), duf
is smooth, linear-derivable and Lie-compatible. The mentioned fact can be seen
from the following observations (r € R):

a’u—l—rw (auf) = au(av+rwf) + a[v+rw,u] (f)
= au(avf + rawf) + a[v,u](f) + Ta[w,u](f)
= (auav)(f) + T(auaw)(f) + a[v,u] (f) + Ta[w,u](f)

= (dudodw)(f) + (djp,udw) () + (dodpw,a) (f)
— (dudwdy) () = (dpw,uwdo) (f) = (dwdpp,u)(f)
= (dudjo,w) (f) + o)) (F) + djopw,a ()
= (djp,uw)du) (f) + djus o) (F) + digo,ug,w) () + dppw,a (f)
= dpp,u) (duf)-

Let A be an algebra of real functions on . with pointwise operations such that:
(C1) any function a in A, is smooth, linear-derivable and Lie-compatible, and
(C2) every of its directional-derivatives d,a belongs to A.

Then for every v € Vece(X), the mapping dy: A — Ais a derivation and the set

(5) D = {d, : v € Veco(X)}

is a sub-Lie-algebra of Der(A). Thus & = (A, D) is a geometry on .. As it is
clear from the definition of ® and the results of the tangent vectors to & are
obtained as a natural lifting of vector fields on X. We call the geometry & a lifted
geometry on . if the functions in A are obtained via a uniform and distinguished
lifting procedure of smooth functions, differential forms, or other smooth objects
associated with X. (The meaning of the preceding sentence will become more clear
by the examples given in the following sections.) Then once we have a distinguished
way to produce smooth functions on . by and we can also produce all
vector fields and differential forms on .. Thus the basic elements of any lifted
geometry on . have two properties: (i) They can be explicitly obtained from the
basic elements of the geometry of X. (ii) To define them there is no need to any
local coordinate system or even topology on .&.

It can be easily checked that if f, g: . — R are smooth (resp. linear-derivable,
Lie-compatible) then the functions rf (r € R), f + g, and fg are also smooth
(resp. linear-derivable, Lie-compatible). This fact together with the above results
imply that the set B of all smooth, linear-derivable and Lie-compatible functions
on . is an algebra satisfying (C1) and (C2). Thus for any lifted geometry & as
above we have A C B. But note that the geometry (B, D) on . (with D as in
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(5)) in general can not be considered as a lifted geometry on . because we have
no control on the nature of the functions in B. If & = (A, D) is a lifted geometry
on . and . C . is almost Vec.(X)-i = (A|#, D) is a lifted
geometry on . where

A|y/ = {a‘y/ I(ZGA}
and where D similar to the above is the set of derivations of the form d, on Al

for v € Vece(X). Then also the inclusion .’ < . is differentiable. We may call
&| .5 a restricted lifted geometry on ..

Remark 3.1. All the above definitions and materials and almost all the results in
(with some appropriate changes) remaind valid when Vec.(X) is replaced by
an arbitrary Lie-algebra L of complete vector fields on X. Thus we may consider
the notion of almost L-invariant subset . C % and the notions of L£-smooth,
linear-L-derivable, and Lie-L-compatible functions f: . — R. Accordingly, we
may define a lifted L£-geometry on . to be a geometry (A, D) where A is an
algebra of functions on . obtained via a lifting procedure and satisfying the
analogues of (C1) and (C2), and where D = {d,: v € L}.

4. LIFTED GEOMETRY OF SPACES OF RADON MEASURES

In this section we extend some aspects of differential geometry for configuration
spaces considered in [4] and other papers. Let .#x denote the cone of positive
Radon measures on X. For any pu € .#x and every 6 € Difeo(X) let 0,1 denote the
push-forward measure of 1 under 6 i.e. O,u(U) := u(0~1U) for any Borel subset U
of X. Thus we have the group-action

Difeo(X) x M x — Mx (0, 1) — O.p.

We are going to define a lifted geometry on .#x. Then also as we saw in §3| any
almost Vec.(X)-invariant subset of .#x has the restricted lifted geometry. Suppose
¢; € CP(X) fori=1,...,n and ¢ € C*(R"). We let

F=F: ¢1,...,0n] F: #x —R
be defined by

(6) Py = o /X rdu, .., /X Gudp).

For any v € Vec.(X) we may compute d,F as follows: For a small € > 0 let the
function

©=(¢1,---,¢n) p: (—€,+€) = R”
be defined by

= ([ o, [ uaerm) = ([ @roean. [ (uoe ).

‘We have

(doF) (1) = (o )'( Z%

arl ©(0)) and %(O):/X(dv@)dﬂ
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Thus if £: R?® — R is defined by

“. 9
(7) (m,...,rmsl,...,sn)HZsia—z(rl,...,rn),

i=1

then we have

(8) aU(F[qu) (rbla"'ad)nD = F[f ¢17"'7¢nadv¢17"'7dv¢n} .
Applying two times, for F' as above and v, w € Vec.(X) we have

Uamﬂﬂmzﬁiﬁé@mm@(/mmm@

mj /@wwkfmw

+Z(/ (dwdyor) du /¢ldua" /%dﬂ

](u) may be computed explicitly, and then we find out that
(cwdo) F] (1
/ (dpdwor — dpdydi) dM / Prdp, . . / gbndu

/d[uw]¢k dﬂ /¢1du7-- /¢ndu

— g F]

Thus we have showed that any function F[¢: ¢1,...,¢,] is Lie-compatible. We
have

F[‘/);Ld’/ ¢177¢n7¢/1a7¢ln’] :FW ¢177¢n]+FW/ : ¢,177¢;7/]
F[’lb;(’(// ¢177¢na¢/17’¢'/n,’] = (F[’(/) : ¢17a¢n}>(F[wl ¢/1a7¢'ln,’])
where Y41/, 1hx1p’ € C(R™ ™) are given respectively by (r1, ..., njn) —

(re, o) 0 (Pagts oy Tnans) and Y(r, .. ) (Pagty oo Trgns) -
Let

Similarly [(& dy)F
()

[(dvdu) F]

3

A= {F[d} ¢)177¢n] ZbECOO(Rn)?(blvagbn EC(C)O(X),TLZ].}

It is concluded from @D that A is an algebra of functions on .#x. Also it follows
from the formula that the functions in A are smooth and linear-derivable. Thus
the conditions (C1) and (C2) for A are satisfied and we have the geometry (A, D) on
AMx where D is given by . The functions in A are obtained via the uniform and
distinguished lifting procedure, given by the formula @, of the smooth functions
on X. Thus (A, D) may be regarded as a lifted geometry on .#x.



ON INFINITE DIMENSIONAL MANIFOLDS 11

For any p € #x let ~,, be the equivalence relation on Vec,(X) given by

(v ~p w) < (v(z) =w(x) for almost all z € X w.r.t. p).

Then it can be checked that the assignment v +— d, induces a vector-space
isomorphism from Vec,/ ~,, onto T, (.#x).

The restricted lifted geometry on the following Difeo( X )-invariant subsets of
Mx could be considered: (i) The subset .#% of finite measures. (ii) The subset of
measures 4 with u(X) < r for some fixed number r. (iii) The subset of measures
with values in N. (iv) The configuration space of X [3] [4] 5], that is the subset
of measures y of the form ), d, where K is a subset of X without any limit
point. (Thus K is countable.) (v) The subset of probability measures on X. (vi)
The subset of measures on X induced by Riemannian metrics on k-dimensional
submanifolds of X for some fixed k¥ < dim(X). (vii) The subset .Z% of measures
with compact supports. (viii) The subset of measures without any atom. (ix) The
set of Radon measures which are absolutely continuous w.r.t. a measure induced
by a Riemannian metric on X.

Let T: X’ — X be a proper embedding of a smooth manifold X’ into X.
Consider the induced mapping Y: .#x: — #x given by p/ — T,u'. We have

(Flb: ¢1,....dn]) o T =Flih: ¢p107Y,... ¢ 0]

Thus T is algebraic. Also it follows from [I4, Lemma 5.34] that its algebrisation
is a surjective algebra morphism. We know that for every v" € Vec.(X') there is
v € Vece(X) that extends v’ i.e. v/ = v o T where T(X’) is identified with a subset
of T(X). We have

av/((F[w: ¢17"'7¢n]) OT)

av’(F[w:¢10T,~~'7¢nOT])
F[f ¢1OT,...,gbnOT,dvl((blOT),...,dv/(¢nOT)]
F[g:¢1oTa"'7¢nOT’(dU¢l)OT7"'7(dU¢n)OT]

= (FlE: 1,y b, dotr, . dydal) 0 T

= (auF[w ¢13-~-a¢n]) OT~
Thus T is differentiable. We may regard X — .#x as a functor from the category
of manifolds and proper embeddings to the category of sets having geometries.

Suppose that X has a Lie-group structure. For any measure v € .Z5) consider
the convolution-mapping # given by p + p* v from .#% into itself. We have

(Fly: ¢1,...,¢n])oﬁ:F[¢: (a: H/}((bl(xy)dl/(y)),..., (xH /ann(zy)dy(y))].

Thus 7 is algebraic. Similarly, u +— v x u is algebraic.
For any f € C*(X) let f: #x — #x be defined by d(fu) := fdu. The
following identity shows that f is algebraic:

(FY: ¢1,...,dn)) o f = F[p: for,.... fon].
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5. GRADIENT IN LIFTED RIEMANNIAN GEOMETRY

In this section we extend some contents considered in [2] [3, 4, [TT], 12, [15], [18].
Suppose that X has a Riemannian metric g and let .#x and A be as in §4 Let
M C Mx be an almost Vec.(X)-invariant subset. For u € .#x, we have the
well-defined inner product

(Wb 1= [ {ola).w(@)ynta)
on T, (). Hence we may regard .# as a Riemannian manifold. For F' € A the
gradient VF of F' is a vector field on . satisfying

(A () 0] = (W], V(1)) g (n €A ;v e Vece(X)) .

We prove that VF is actually a member of Vec(.#): Suppose that the function
F € A be given by (6]). For any fixed s € .# we show that there is a canonical
vector field w# € Vec(X) satisfying

(10) (dF (1)) [v] = ([v]s [w"]) g (v € Vece(X))
The more explicit form of equation for every v € Vec.(X) is

n

(11) > r [

i=1 X

(o) du = /X (0(x), w(2))ydpu(z)

where F; denotes the function F[ :P1,...,0n] in A. Let O be any open subset
of X which is identified with R™ (d' (X) =m) via a local coordinate mapping.
Using the identification O = R™ we may regard the restriction of any object
appearing in as the corresponding object on R™. Then for any v € Vec(X)
with Supp(v) C O, becomes

(12) ZF / i 6@ = / ( én:l ijggjk)d,u.
= iy

It is important to note that since Supp(v) C O the left (resp. right) hand sides of
and are equal. Rearranging the sums in we get

- - 09; " n
;/Rm Uj(;Fi(M)axj>dM=;/Rm W(;w’ggjk)du

Since v is arbitrary it is concluded that for every j = 1,...,m we must have

a m
Z Fi(p qﬁz Z w)gjr almost every where w.r.t. p.
k=1

Hence for every k =1,..., m we must have

m n

(13) wy = Z Zg almost every where w.r.t. p.

j=114i=1
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For every i = 1,...,n let u* = V¢; denote the gradient of ¢; w.r.t. g on X.
u" € Vece(X) and its components in a local coordinate system O = R™ as above is
given by

(14) Z ,;Jlgfl (k=1,...,m).
Now it is concluded from (13) and (14) that if we let w* to be defined by
wh = Zn:Fz(u)u’ € Vec(X)
then it satisfies in equation . Then also it is clear that
= iFl(uz)T € Vec(A) .

More explicitly we have

n

Fl: b1, bl ZF[f 01, 0] (0)[V0],

We endow .# with the weak topology that is defined to be the smallest topology
under which every function .# > p— [y ¢d(p) for ¢ € C°(X) is continuous. It
can be checked that the weak topology is Hausdorff. Any function F' € A may be
regarded as a continuous function on .Z. Let © be a Borel probability measure on
A . Thus © may be regarded as a random Radon measure on X. We are going to
consider a construction of the formal Laplace operator for .# w.r.t. the pair (g, ©),
by means of its associated quadratic form £ on L?(0). Let A. C A be the subset
of those functions of the form () with ¢ € C2°(R™). Then A, is a subalgebra of
bounded continuous functions on .# and hence A. C L?(0). If .# is compact (e.g.
X is compact and .# is the set of probability measures) then A. is also dense in
L2(©). We let the symmetric positive-definite bilinear functional

£: A x Ac - R,
which may be called Dirichlet form associated with ©, be defined by
S(EF) = [ (VP TF (1),000).

More explicitly for F= F[y, ¢1,...,¢,] and F'=F[)', ¢}, ..., ¢, ] in Ac, £(F, F")
is the integral of the following function of y on .# w.r.t. ©:

nE (91/)/ Y ’ /
>3 (G 6 a] WF[ G ven] ) [ (V60,900 00
Suppose that € € C*°(R). Then we have
(16) €OF[’(/J,¢1,...,¢n]:F[EO’(/J7¢1,...,¢”},
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Jd(eo 0
0
(17) xF[af:@,...,qbn}(p).
Let F' = F[¢, ¢1,...,¢,] be in A.. Suppose that e as above has the properties
€(0)=0 and —1§%§1.

Since eoyp € C°(R™), implies that eoF' € A.. (7)) shows that £(eoF, eoF) is the
integral w.r.t. © of the positive function given by (15) with n’ = n, ¢’ =, ¢} = ¢,
multiplied by the function

[ (%(ﬂu))f

Thus we have
LleoFieo F) < £(F,F) (FeA).

This implies that £ is a Markovian form in the sense of [J].

6. LIFTED GEOMETRY OF MAPPING SPACES

Let Y be a set with a o-algebra ¥ of its subsets. Denote by .Z¥ the set of all
Borel measurable mappings from Y into X. We have the canonical group-action

Difeo(X) x Fy — Fx (0,P)—60oP.

We are going to define a class of lifted geometries for .#Y¥. For any n-tuple
(1, .- ., piny) of finite positive measures on (Y, X) and any function ¢ € C°(X™) let
the function

F=F[p: pi1,...,pn] F: Z¥ - R
be defined by
F(P)i= | 6(P...,P)d(m x-- xp)  (PeFL).
Y'n.
For any v € Vec.(X) we have

(d,F)(P) = 113%% [6(c™ (Py1), ..., e" (Pyn))
Yn
—¢(Pys, ..., Pyn)|dpi(y1) - - - dpn (yn)

:/ (d'u@”Qb)(PaaP)d(/}“lXX;U'n)
where v®" € Vec.(X"™) denotes the direct sum of n copies of v. Thus we have

(18) av(F[¢ le"?ﬂ’ﬂ]) = F[dv@"¢: /1'17"'7,[1/77,]-
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For v, w € Vec.(X) and F as above by applying we have that
(@ F)(P) — (dud F)(P)
= /n l:(dv@ndw@”d))(P; ., P)
— (dyendyond) (P, ..., P)|d(u1 x -+ X i)

(19) - /
= (dv@ndw@n¢ — dw@ndv@n¢)(P7 ey P)d(,u1 X e X Mn)

= ‘/Yn(d[v,w]ﬂand))(P,...7P)d([u,1 X oeee X Mn)

= (djp,u F)(P).
‘We have also the identities
F[d)q—d)/ ;U/lavunnu’/lavﬂiz’] = F[d) /~L177/1'n] +F[¢/ Mllvvﬂzm’}
F[¢;<¢I :U/laa/'l/na/-l//laa/'é;z’] = (Fkb : M17’Mn])(F[¢/ /’Llla7/’[’{n,’D

where ¢+¢, px ¢’ € C°(X™H") are given respectively by (z1,. .., Tpin/) —

(20)

¢($1a-~-axn)+¢/(33n+17~--azn+n’) and ¢(x17--~7xn>¢,(xn+la---azn+n’)-

Let ) be any nonempty family of finite positive measures on (Y, Y). Let
A= {F[qﬁ: Hiyeoospin]: @ € CE(X™), pi1y e vy tin €Yy EN}.

It follows from (|18} . . that A is an algebra of functions on .F¥ satisfying (C1)
and (C2). Thus we have defined a lifted geometry (A, D) for ZY where D is
given by (5 . For any P € 7Y and every v,w € Vec.(X) we erte v ~p w if the
mappings vo P and wo P from Y into the tangent bundle of X are almost every
where equal w.r.t. every u € Y. Then ~p is an equivalence relation on Vec.(X)
and it can be checked that the assignment v — d,, induces a surjective vector space
isomorphism Vec.(X)/ ~p— Tp(FY).
For any proper embedding Y: X’ — X consider the induced mapping

T: FY — F¥ P —YoP.

We have

(Flo: 1,5 pn]) oY =Flpo X" : g, ..., pn].
If ¢/ € C(?O(X’nz there exists ¢ € C°(X"™) such that ¢ = ¢ o Y®". Thus the
algebrisation of T is surjective. If v € Vec.(X) extends v' € Vec.(X’) then

do ((Flg: pa, .-, pm]) © ) Fldyen(¢o0%") ., pin]
Fld,en¢ ul,m,un]of
( Flo: pa,...,pnl) )

Thus T is differentiable.
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Let 7: (Y, X) — (Y',Y) be a measurable mapping and )’ a set of finite positive
measures on Y’ such that m,u € )’ for every pu € ). Consider the induced mapping
ﬁ:ﬁ;lﬂf}é P'w— Por.

We have
(Flo: i1,y ptn]) 0 7 = Flo: Tupiny -, Tutin]

and hence 7 is differentiable.

The assignments X +— Z¥ and (Y,X,)) — .Z¥ may be regarded as (co)functors.

In case Y is a smooth manifold the restricted lifted geometry of the Difeo(X)-in-
variant set C*°(Y, X) of all smooth mappings from Y into X can be considered.
The geometry of C*°(Y, X) as an infinite dimensional manifold locally modeled on
appropriate topological vector spaces has been considered by many authors.

7. LIFTED GEOMETRY OF SPACES OF SUBMANIFOLDS

Let &% denote the set of all embedded oriented submanifolds of X (with or
without boundary) of the fixed dimension & < dim(X). We have the obvious
group-action

Difeo(X) x &% — &% (0,F) — 0(E).
For any n-tuple (w, .. .,w,) of k-differential forms w; € QF(X) on X with compact
support and any ¢ € C*(R"™) we let the function

F=FRp:wi,...,wp) F:6% - R

F(E) :zw(/Ewl,...,/Ewn).

Similar to §4]it can be shown that for any v € Vec.(X) we have

(21) av(F[w: wl,...,wn]) =Fl¢:wy,. .. wn, dywr, ..., dywy]

where £: R?" — R is defined by . Also it can be checked that the set
Ap = {F[p: wi,...,wy]: p € C°(R"),w1,...,wy € QF(X),n > 1}

be defined by

is an algebra of functions on &% satisfying (C1) and (C2). Thus (A, D) may be
regarded a lifted geometry on &% where D is given by . For any E € & and
every v, w € Vece(X) write v ~g w if v|g = w|g. Then the vector spaces Vec./ ~g
and Tg(&%) are canonically isomorphic.

For any proper embedding T: X’ — X consider the mapping T: &L, — &
defined by E' — YT(E’). We have

(F[z/) wl,...,wn]) OT:FW): T wi, .o, T wy].

It is well-know that any w’ € QF(X’) extends to some w € QF(X) ie. ' = T*w.
Thus the algebrisation of T is surjective. For v € Vec.(X) that extends v’ €
Vec.(X') we have

&U/((F[zp: Wi, .enywp]) o T) =F[¢: T wr, ..., Tiwn, dp (T wy), ..., dp (THwy)]
= (av(F[Q/} Wi, .- 7‘*}71})) OY\'
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Thus T is differentiable.
Let & )]?b C &% denote the subset of submanifolds with nonempty boundary. Thus

g)]?b has the restricted lifted geometry induced from &%. Consider the boundary
operator

9: &Y — £
that associates to any E € & )]z’b its boundary 0F. By Stokes’ theorem we have
(Flp: wi,...,wy)) (OF) = (F[y: dwy,...,dw,]) (E) (E € &)

for every Fli: wy,...,wy] in Ap_1(X). Thus 0 is algebraic. For v € Vec.(X) we
have

&v((F[w wl,...,wn})oa) =d, (F[y: dwl,...,dwn])

sdwy, . dwy, d(dpwn), -, d(dyw)]
(F[¢: w1y ywn, dywr, ..., dywy]) 0 D

= (&,,(F[?/}: Wi, ... ,wn])) 00.

Thus 0 is weakly differentiable.

8. LIFTED GEOMETRY OF SPACES OF TILINGS

By a tiling on X we mean a (countable) set T of pairwise disjoint connected
open subsets of X satisfying the following three conditions:

(i) The closure U of any U € T is compact.
(i) X = UperU.

(iii) For every x € X there is an open set V, containing x with V,, NU # () only
for a finite number of members U of T'.

We denote by Jx the set of all tilings on X. We have the group-action given by
Difeo(X) x Ix — Jx 0«T:={0(U):UecT}.

Suppose that X is oriented and dim(X) = k. We consider every open subset of X
as an oriented submanifold. For any T' € Jx and any open subset V of X we let

T|\V = Uyer,unvoU.
It can be checked that if V is compact then
(iv) T|V is compact, and

(v) for any v € Vec(X) there exists € > 0 such that for every ¢ with |t < ¢
we have:

(e TV =T|V.

For n-tuples (Vi,...,V,) and (w1, ...,w,) of open subsets V; of X with V; compact
and k-differential forms w; € Q%(X) on X, and any ¢ € C*>°(R") we let the function

FZF[¢ZW1|V17...,LUTL|V7L] FinﬁR
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F(T) :zz;(/TlVlwl,...,/Tvnwn).

Using the above properties of T|V and similar with for any v € Vec(X) we
have

do (FIY : w1Va, .. wn|Va)) = FIE t wi| VA, .oy wn| Vi, dywi | Vi - -+ down [ Vi)

where £: R?™ — R is defined by . Also similar with the results of @ it is proved
that the set A of all functions on Jx of the forms F[¢: wi|Vi,...,w,|Vy] is an
algebra satisfying (C1) and (C2). Thus we have the lifted geometry (A, D) on Jx
where D is given by .

be defined by

9. ACTION FUNCTIONALS AS FUNCTIONS OF LIFTED GEOMETRY

In this section we consider a variant of the lifted geometry described in Let
%x denote the set of all smooth curves C in X defined on an arbitrary compact
interval in R. There is a canonical group-action given by

Difeo(X) x €x — €x Cr—0oC.

For Lagrangian densities L1,..., L, on X i.e. smooth functions L; on the tangent
bundle TX of X, and any 1 € C>°(R"™), let the generalized action functional

F=F[): Ly,...,Ly) F:%éx —R
be defined by

F(C) ;:1/1(/;L1(c,c'),...,/abLn(c,C)) (C: [a,b] — X).

We show that for any v € Vec.(X) and any Lagrangian density L the directional
derivative d, F, of the action functional Fy: C' +— f(f L(C, C) is equal to the action
functional associated to a Lagrangian density which is the directional derivative of
L along a vector field vT on the tangent bundle TX. We give the proof only in the
simple case that X = R*. But using the concept of prolongation of vector fields
on jet bundles it can be stated in the general case. So suppose L: RF x RF — R
and v: R¥ — R* are smooth and C': [a,b] — RF is a curve. Using the linear
approximation e’ (x) ~ x + tv(z) we have

((L,Fo)(c) :/l’%ii% L((etv o C)(s), (etU o Ct)/(s>) _ L(C(s), C/(S)> N
_ / b L(C(p(C(s), O )+ (C(s) (C(9) - L(C). C's)
at—»O t

b
_ / (4,1 L) (C(s), C'(s)) ds
where vf: R¥ x RF — R* x R is defined by

UT(x,y) = (v(z),v'(z)(y)) -
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(In the above v'(x): R¥ — R* is the derivative of v at x and C’(s) € R* is the
tangent vector to C' at C(s).) It follows that

do(F[: Lu,...,Ly)) = F[¢: Ly, ..., Ly,dyi Ly, ..., dyi Ly
where £: R?" — R is defined by . Then it can be checked that
A={F: Ly,...,L,): ¢ € C°(R"), Ly,..., L, € C°(TR*),n > 1}

is an algebra of functions on @« satisfying (C1) and (C2). Thus (A, D) may be
regarded as a lifted geometry for égrx where D is given by .

Conclusion. We defined the concept of Lifted Geometry and gave various examples
and elementary applications of it. It was clear that because of independence of any
lifted geometry for an object off the existence of any topology or local coordinate
system on the object, Lifted Geometry becomes a tool to define differentiable
structures on geometric objects with infinite dimensional nature. There are many
aspects of Lifted Geometry that needs to be explored and we have plan to do it
in future works. In our opinion the three concepts of flow, symmetry, and critical
points of functions and vector fields in Lifted Geometry must have interesting
applications in Mathematical Mechanics.
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