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Abstract. We present the weighted Calderén-Hardy spaces on Euclidean spaces and inves-
tigate their properties. As an application we show, for certain power weights, that the iter-
ated Laplace operator is a bijection from these spaces onto classical weighted Hardy spaces.
The main tools to achieve our result are an atomic decomposition of weighted Hardy
spaces furnished by the author, fundamental solutions of iterated Laplacian and pointwise
inequalities for certain maximal functions.
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1. INTRODUCTION

It is well known that classical Hardy spaces HP(R™) with 0 < p < 1 play an
important role in the harmonic analysis and PDEs. Many important operators are
better behaved on Hardy spaces HP(R™) than on Lebesgue spaces LP(R™) in the
range 0 < p < 1.

The Hardy spaces HP(R™), 0 < p < oo, were first defined by Stein and Weiss
in [30] in terms of the theory of harmonic functions on R™. Afterward, Fefferman
and Stein in [9] introduced real variable methods into this subject and characterized
the Hardy spaces by means of maximal functions. This second approach brought
greater flexibility to the theory.

The spaces HP(R™) can also be characterized by atomic decompositions. Roughly
speaking, every distribution f € HP can be expressed in the form

(1) f:ZAjaja
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where the a;’s are p-atoms, {\;} € I? and ||f|%, = > |Aj[P. For 0 < p < 1, an

j
p-atom is a function a(-) supported on a cube @ such that
1
lalle < Q)7 and /x(’a(x) dz=0 V|o| < n(— - 1).
p

Such decompositions were obtained by Coifman in [4] for the case n = 1 and by
Latter in [17] for the case n > 1. These decompositions allow to study the behavior
of certain operators on HP(R™) by focusing one’s attention on individual atoms.
In principle, the continuity of an operator T" on HP(R™) can often be proved by
estimating T'a when a(-) is an atom. For more results about Hardy spaces see [18],
[29], [32], [33], and [15].

Gatto, Jiménez and Segovia in [12], by using the atomic decomposition (1) for
members of HP(R™), solved the equation

(2) A™F = f for f € HP(R™).

Moreover, they characterized the solution set of (2). These sets result are the

p

Calderén-Hardy spaces H,, 5,,

(R™), which were defined by them for this purpose.
More precisely, they proved that the iterated Laplace operator A™ is a bijective
mapping from Calderén-Hardy spaces H ,,,(R™) onto Hardy spaces H?(R™). They
also investigated the properties of these spaces and obtained an atomic decomposition
for their elements.

The one-dimensional case with weights was studied by Ombrosi in [21], there he
introduced the one-sided Calderén-Hardy spaces HE T ((z_o, 00), w) for weights w in
a Sawyer class and investigated their properties (see also [23]). In [25], Perini studied
the boundedness of one-sided fractional integrals on these spaces. Ombrosi, Perini
and Testoni obtained in [22] a complex interpolation theorem between one-sided
Calderén-Hardy spaces. With the appearing of the theory of variable exponents the
Hardy type spaces received a new impetus (see [24], [16], [8], [5], [20], and [7]). In this
setting, the author in [26] defined the variable Calderén-Hardy spaces ’Hf;,(;,) (R™), and
studied the behavior of the iterated Laplace operator A" on these spaces obtaining
analogous results to those of Gatto, Jiménez and Segovia.

Recently, Auscher and Egert in [1] presented results on elliptic boundary value
problems where the theory of Hardy spaces associated with operators plays a key
role (see also [2] and references therein).

The purpose of this paper is to define the weighted Calderén-Hardy spaces
HE (R",w) for 0 < p <1 < g < oo, v > 0, and investigate their properties.
In Section 5 of this work we prove our main results. These are contained in the
Theorems 21 and 22. The threshold n(2m + n/q)~! in the results of Theorems 21

and 22 is optimal in the sense of Theorem 17.
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This paper is organized as follows. In Section 3 we give the basics of weighted
Lebesgue theory, establish a Fefferman-Stein vector-valued inequality for the Hardy-
Littlewood maximal operator and also recall the atomic decomposition of weighted
Hardy spaces given in [27]. In Section 4 we define the weighted Calderén-Hardy
spaces and investigate their properties. The iterated Laplacian is also presented.
Theorems 21 and 22 are proved in Section 5.

2. NOTATION

The symbol A < B stands for the inequality A < ¢B for a constant c. We de-
note by Q(zg,r) the cube centered at zo € R™ with side lenght r. Given a cube
Q = Q(zo,7) and § > 0, we set 60Q = Q(xo,Ir). For a measurable subset E C R™
we denote by |F| and x g the Lebesgue measure of E and the characteristic function
of E, respectively. As usual we denote by S(R™) the space of smooth and rapidly
decreasing functions and by &’(R™) the dual space (i.e., the space of tempered dis-
tributions). A distribution u acting on an element ¢ € S(R™) is denoted by (u, ¢).
A and ¢ stand for the Laplacian and the Dirac’s delta on R™, respectively. If «
is the multiindex o = (@1,...,qy), then a! = ag! ... a,l, |a| = a1 + ... + an,
0%p(x) = 91*lp/ (0" ... 0z )(x) and 2 = 2$*...2%. Given a real number
s > 0, we write |s] for the integer part of s.

Throughout this paper, C' denotes a positive constant, not necessarily the same
at each occurrence.

3. PRELIMINARIES

In this section we present weighted Lebesgue spaces and weighted Hardy spaces.
For more information about these spaces the reader can consult [6], [11], [14] and
[10], [31].

3.1. Weighted Lebesgue spaces. A weight w is a non-negative locally inte-
grable function on R™ that takes values in (0, co0) almost everywhere, i.e., the weights
are allowed to be zero or infinity only on a set of Lebesgue measure zero.

Given a weight w and 0 < p < oo, we denote by LP(R™,w) the spaces of all
functions f defined on R™ satisfying HfH’z,,(R,,’w) i= [on |f(@)]Pw(z) dz < co . When
p = 00, we have that L>°(R",w) = L>(R") with || f||ze®n,w) = | fllLoe(mn). If E is
a measurable set, we use the notation w(E) = [, w(z)dz. It is easy to check that
w(E) =0 if and only if |E| = 0.
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It is well known that the harmonic analysis on weighted spaces is relevant if the
weights w belong to the class A,. Before defining the class A,, we first introduce
the Hardy-Littlewood maximal operator.

Let f be a locally integrable function on R™. The function

M) (@) = sup ﬁ /Q F)dy,

where the supremum is taken over all cubes ) containing x, is called the uncentered
Hardy-Littlewood maximal function of f. We say that a weight w € A; if there
exists C' > 0 such that

Mw)(z) < Cw(x), a.e xzeR™;

the best possible constant is denoted by [w]4,. Equivalently, a weight w € A; if
there exists C' > 0 such that for every cube @

|712|/ w(z)dz < Cessinf w(x).
Q

z€EQ

For 1 < p < oo, we say that a weight w € A, if there exists C' > 0 such that for
every cube Q)

(3 i) o o

It is well known that A, C A,, for all 1 < p; < p2 < oo. Also, if w € A, with
1 < p < oo, then there exists 1 < ¢ < p such that w € A;. This leads us to the
following definition.

Definition 1. Givenw € A, with 1 < p < 0o, we define the critical index of w by
qw = inf{g > 1: w e Ay}.

Remark 2. The index g, is related to the vanishing moment condition satis-
fied by the atoms for the atomic decompositions of the weighted Hardy spaces (see
Definition 7 below).

The A,-weights, 1 < p < oo, give the following characterization for the Hardy-
Littlewood maximal operator M:

[ s@pu@ds<c [ |f@pu s

Rn

for all f € LP(R™,w) if and only if w € A, (see Theorem 9 in [19]).
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A weight w satisfies reverse Holder’s inequality with exponent s > 1, denoted by
w € RHj, if there exists C' > 0 such that for every cube @,

(ﬁ/@[w(mrdx)l/s < cﬁ | wie)ds

the best possible constant is denoted by [w]rp,. We observe that if w € RH, then
by Holder’s inequality, w € RH; for all 1 < ¢t < s, and [w]rp, < [w]|rH,. Moreover, if
w € RHy, s > 1, then w € RH,, . for some € > 0. This gives the following definition.

Definition 3. Given w € RH; with s > 1, we define the critical index of w for
the reverse Holder condition by

rw =sup{r >1: w € RH,}.

Remark 4. The index r, is used to determine the size condition satisfied by the
atoms for the atomic decompositions of the weighted Hardy spaces (see Definition 7).
In view of Corollary 7.3.4 in [14], we define the class A by Ao = U Ap.

1<p<oo
Since w € A if and only if w € RH for some s > 1, then it follows that 1 < r,, < 0o

for all w € Auo.

The following lemma states a Fefferman-Stein vector-valued inequality for the
Hardy-Littlewood maximal operator on LP(R™ w). This lemma is crucial to get
Theorem 21.

Lemma 5. Let 1 < p < oco. Then for u € (1,00) and w € A, we have that

H (i(Mfm)l/u (i_oj |fj|“>1/u

holds for all sequences of bounded measurable functions with compact support
{fj };‘;1
Proof. This lemma follows from Theorem 9 in [19], and Corollary 3.12 in [6].
O

Lr(R™,w) LP(R™,w)

3.2. Weighted Hardy spaces. We give the definition of weighted Hardy spaces
and the atomic decomposition of these spaces developed by the author in [27]. We
topologize S(R™) by the collection of semi-norms {py }nen given by

pn(p) = Y sup (1+ |z)V|0% o ()],

1B]<N "ER"
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for each N € N. We set Fnv = {p € S(R™): pn(p) < 1}. Let f € §'(R™), we denote
by Mz, the grand maximal operator given by

My f(x) =sup sup [(E"pt™") * f)(2)],

t>0 peFnN
where N is a large and fixed integer.

Definition 6. Let 0 < p < co. The weighted Hardy space HP(R", w) is the set
of all f € S'(R™) for which Mz, f € LP(R™, w). In this case the “norm” of f in
HP(R™, w) is defined as

Il e (7 w0y = M Fy fll e @ w)-

It is known that if 1 < p < 0o and w € A, then HP(R™,w) ~ LP(R™,w). In the
range 0 < p < 1 these spaces are not comparable.

Now, we introduce our atoms. We recall that our definition of atom differs from
that given in [10] and [31].

Definition 7 (w-(p, po, d)-atom). Let w € A with critical index ¢, and critical
index 1, for reverse Holder condition. Let 0 < p < 1,

max{1,p(ry/(re — 1))} <po < 0

and d € Z such that d > |n(qw/p—1)]. We say that a function a(-) is a w-(p, po, d)-
atom centered in xg € R™ if

(A1) @ € LP°(R™) with support in the cube Q = Q(xo, 7).

(A2) ||a||LPO rny < QP [w(@Q)] P

(A3) [z*a(x)dz = 0 for all multi-index « such that |a| <

Indeed, a w-(p, po, d)-atom a(-) belongs to HP(R™,w) (see Lemma 2.8 in [27]).

Remark 8 We observe that the condition max{1, p(ry/(rw — 1))} < po < 00
implies that w € RH(,,/py - If 7y = 00, then w € RH; for each 1 <t < oo. So,
if r, = oo and since hm t/(t—1) = 1, we put ry/(ryy — 1) = 1. For example, if
w = 1, then ¢, = 1 and rw = oo and the definition of atom in this case coincide
with the definition of atom in the classical Hardy spaces.

The set
Do ={p € S(R"): § € C*(R™) and 0 ¢ supp(P)}
is dense in HP(R™, w), 0 < p < oo, for every w € A. Indeed, given a weight
w € A let v be the measure defined by dv = w(x)dx, by (9) in Proposition 7.1.5
in [14] we have that such measure v is doubling, then the density of Dy in HP(R", w)
follows from Theorem 1 in [31].
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Finally, the atomic decomposition for HP(R™, w), 0 < p < 1, established in [27],
it is as follows.

Theorem 9 (Theorem 2.9 in [27]). Let f € Dy, and 0 < p < 1. If w € Aoy, then
there exist a sequence of w-(p, po, d)-atoms {a;} and a sequence of scalars {\;} with

DAP < chH%p(R” w) Such that f =73 Aja;, where the convergence is in L (R™).
J ’ J

The novelty in this theorem is the convergence in LP°(R™)-norm of the weighted

atomic series.

Remark 10. Since 730 is dense in HP(R"™,w), 0 < p < 1, a routine argument
allows us to ensure that every member of H?(R"™, w) has a weighted atomic decom-
position as in Theorem 9, where the convergence is in S’'(R™).

The atoms in Theorem 2.9, page 235 in [27], are supported on balls; this theorem
still holds if we consider atoms supported on cubes instead of balls.

4. WEIGHTED CALDERON-HARDY SPACES

4.1. Basics of weighted Calderén-Hardy spaces H!  (R",w). Let Ll

loc(Rn)7
1 < ¢ < oo, be the space of all measurable functions g on R™ that belong locally

to LY for compact sets of R™. We endowed L

1/q
gla = (|@|1 /Q |g<y>|qdy> ,

where @ is a cube in R™ and |Q| denotes its Lebesgue measure.

(R™) with the topology generated by

the seminorms

For g € L{ (R™), we define a maximal function 7, ~(g; z) as

Ng~(952) = sup 77 |9q.Q(2.r)
r>0

where ~ is a positive real number and Q(z,7) is the cube centered at = with side
length r. This type of maximal function was introduced by Calderén in [3].

Let k be a non-negative integer and Py, the subspace of L{ (R™) formed by all the
polynomials of degree at most k. We denote by E} the quotient space of L{ (R™)
by Pr. For G € E} we define the seminorm ||G||q,o = inf{|glq,0: 9 € G}. The
family of all these seminorms induced on E} is the quotient topology.

Given a positive real number 7, we can write v = k + ¢, where k is a non-negative
integer and 0 < ¢ < 1. This decomposition is unique.

For G € E}, we define the maximal function Ny ~(G;z) by
Ng~(G;z) = inf{ng~(g;2): g € G}.
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The maximal function Ng,(G;-) associated with a class G in E} is lower semicon-
tinuous (see Lemma 6 in [3]).
Next, we define the weighted Calderén-Hardy spaces on R™.

Definition 11. Let w € A, 0 <p <1 < g < oo and y > 0. We say that
an element G € EJ belongs to the weighted Calderén-Hardy space HE L (R™, w) if
the maximal function Ny (G;-) € LP(R",w). The “norm” of G in Hf _ (R",w) is
defined as

Gz &nw) = [INgy (G5 )| Lo (r7 )

Lemma 12. Let G € E}} with N, ,(G;xo) < oo, for some zo € R™. Then
(i) there exists a unique g € G such that ng~(g;x0) < oo and, therefore,

Na,y (9 20) = Ngy (G 20);
(ii) for any cube Q, there is a constant ¢ depending on xzy and @) such that if g is
the unique representative of G given in (i), then

1Gllq.@ < 9lg.q < qu,v(g;wo) = CNq,v(G§5UO)~

The constant ¢ can be chosen independently of xy provided that xo varies in a

compact set.
Proof. The proof is similar to the one given in Lemma 3 in [12]. (]
Corollary 13. If {G,} is a sequence of elements of E} converging to G in
HP_(R",w), then {G;} converges to G in E}.
Proof. For any cube @, by (ii) of Lemma 12, we have

IG' = Gillag < Clw(@) P IxQ()Ngry (G = G Ml zo(n ) < ClIG = Gl e w)-

which proves the corollary. O

Lemma 14. Let {G,} be a sequence in E] such that for a given point z, the
series Y Nq ~(Gj;xo) is finite. Then

J
(i) the series ) G converges in E} to an element G and
J

No (G wo) < ZN(I7’Y(Gj;xO)§
J
(i) if g; is the unique representative of G; satisfying nq.~(gj;x0) = Ng~(Gj; o),

q

L .(R™) to a function g that is the unique representative

then ) g; convergesin L
J
of G satistying 1g ~(9; o) = Ng~(G; x0).

Proof. The proof is similar to the one given in Lemma 4 in [12]. ]
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Proposition 15. If g € L] _(R™) and there is a point ¢ such that 04~ (g; z¢) < o0,
then g € 8'(R™).

Proof. We first assume that o = 0. Given ¢ € S(R™) and k > v+ n we have
that [o(y)] < pr(p) (1 + |y[) " for all y € R™. So

/ng(y)w(y) dy} <pk(s0)/(0 ! g1+ y))~*d
—k
ECCD Y I (R )

o0
< Pr(0)g.4 (95 0) + Pr()ng. (9:0) > 270K,
j=0

Being k£ > v + n it follows that g € S’(R™). For the case xyp # 0 we apply the
translation operator 7., defined by (7.,9)(z) = g(x + zp) and use the fact that
Ma.1(T20 93 0) = g, (95 0)- .

Proposition 16. Let w € Aw. Then the space Hb , (R",w) is complete.

Proof. It is enough to show that ’HSW([R", w) has the Riesz-Fisher property:
given any sequence {G,} in H? _(R",w) such that

S Gy <
J

the series 3 G; converges in Hf | (R, w). For 1 <1 fixed we have
J
k

ZNqﬁ(Gﬁ )

J=l

p

k
ZHN(I’Y Vi ||Lp([Rn w) X ZHG H?—LP S (R™w)
j=l

=rap <0

Lr(R™,w)

for all £ > [. Thus, for all £ > | we have

/Rn <al_1/p§:lN ,v(Gj;$)>pw(x) dz

< /.2

Z Ng~(Gjs )
It follows from Fatou’s lemma as k — oo that

-1 k v
ZNq,v(Gj;x)) w(z)dz = 1.
j=l
> P
/n (al_l/pZN ,W(Gj5$)> w(z)dr < 1,
/ g

Lr(R™,w) j—;
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then for alll > 1

o0
S o= z; 1G5z (m ) < 00
Jj=

3)

0~(Gji)
Lr(R™,w)

Taking { = 1 in (3) and since w € Ay, we obtain that Y N, ,(G;;x) is finite for
J

a.e. z € R™. Then by (i) of Lemma 14, the series Y G; converges in E] to an

J

k oo
N(m<G_ZGj§m> < Z Ny (Gj; @),
j=1

j=k+1

element G. Now

from this and (3), we get

o
Z HGng-LgW(R",w)’

Hiy(R™w)  j=ft1

since the right-hand side tends to 0 as kK — oo, the series ZG converges to G in
HE (R, w). O

The proof of the next result is an adaptation of the proof of Theorem 2 given in [12].

Theorem 17. Let m > 1 and wq(x) = |2|* with —n < a < n(s—1) and 1 <
s < oo. If p< (n+min{a,0})/(2m +n/q) and p < 1, then H 5, (R", w,) = {0}.

Proof. We observe that for 1 < s < oo and —n < a < n(s—1) the non-negative
function w,(z) = |z|*, € R™\ {0}, is a weight in the Muckenhoupt class A, (see
page 506 in [14]). Let G € H},,,(R", w,) and assume G # 0. Then there exists
g € G that is not a polynomial of degree less or equal to 2m — 1. It is easy to check
that there exist a positive constant C' and a cube Q = Q(0,r) with r > 1 such that

/|g yidy = C >0

for every P € Popp—1.
Let = be a point such that |z] > y/nr and let 6 = 4|z|. Then Q(0,7) C Q(=,d). If
h € G, then h = g — P for some P € Py, 1 and

072" hlg.qea.s) > Cla| 72"/,
So Nyom(G;z) = Clz|~2m~™/4 for |z| > \/nr. Since
p < (n + min{a,0})/(2m + n/q)
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and —n < a < n(s — 1), we have
/ [Ng.2m(G; 2)Pwe(z) do > C ||~ CmAn/ P | 2|0 dg = co.
" |z|>\/nr

Then, we get a contradiction. Thus H ,, (R™,w,) = {0}, for p < (n 4+ min{a,0})/

2m+n/q). 0

4.2. The iterated Laplacian. The Laplace operator or Laplacian A on R" is
defined by

For m € N we define the iterated Laplacian by A™ := Ao...o A (m times). Given
g € §'(R™), the iterated Laplacian A™ acts on the distribution g by means of the

formula

(A™g, ) = (9,A™¢) Ve S(R").

Thus A™g € §'(R™) when g € S'(R™).
Let ® be the function defined on R™\ {0} by

(4)

(@) { Ch|z|*™ " In|z| if n is even and 2m —n > 0,

Co|z|?m—n otherwise.

Such a function is a fundamental solution of A™ (see pages 201-202 in [13]); i.e.,
A™® = § in S'(R™).

Lemma 18 (Lemma 8 in [12]). If ® is the kernel defined in (4) and |a| = 2m,
then (0°®)(x) is a C*° homogeneous function of degree —n on R™ \ {0} such that

/| @ =0

Given a bounded function a(-) with compact support, its potential b, defined as

o) = | e~ y)ay)dy.

is a locally bounded function and A™b = a in the sense of distributions. For these
potentials, we have the following two results.
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Lemma 19. Let a(-) be an (p, po, d)-atom with d = max{|n(q,/p—1)],2m — 1}
and assume that Q(x,r) is the cube containing the support of a(-) in the definition
of (p, po, d)-atom. If

o) = | e~ y)ay)dy.

then for |x — x| > v/nr and every multiindex «, there exists C,, such that
|(0°0) ()] < Car®™ " [w(@)] 7|2 — g 7"

holds.

Proof. Since a(-) has vanishing moments up to the order d > 2m — 1, we have

(5) (0°b)(x) = /Q e pa)ay
2o — )P
- /Q ( )[(a%)(x—y)— Y @) — 20 o) ay.

|
|Bl<2m—1 A

where > (9°MP®)(z—x0)(z0 — y)”? /B! is the degree 2m—1 Taylor polynomial of
18]<2m—1

the function y — (0*®)(z —y) about xo. By the standard estimate of the remainder
term of the Taylor expansion there exists £ between y and x( such that

(o — y)ﬂ

(@*@)(z—y)— D (9*P@)(x—20) o Y (@) (a—¢)

B]<2m—1 |B1=2m

(w0 — y)ﬁ
g

If |z — | > /nr, it follows that |z — ¢| > 1|z — x| since |zg — | < 1+/nr. Then,
taking into account that for |3| = 2m, 9**5® is a homogeneous function of degree
—n — a, we obtain, for |z — zo| > /nr and y € Q(xg,r), that

(ro —y)° }
3l

< Crlm|:c — xo| T

6) [0} z—y)— D (0"FP)(z — o)

|Bl<2m—1

Finally, from (5) and (6) we obtain, for |z — z¢| > v/nr, that

|(0°b) ()] < Crlfl|z — | / la(y)] dy
Q(zo,r)

CrlPlje — o7~ lal | Q' /0

<
< C’r2m+”[w(Q)]_1/”|m — |7
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The following pointwise inequality is crucial to obtain Theorem 21 below.

Proposition 20. Let a(-) be a w-(p, po,d)-atom with d = max{|n(q./p — 1)],
2m — 1} and assume that Q = Q(xo,r) is the cube containing the support of a(-) in
the definition of w-(p, po, d)-atom. Ifb(z) = [, ®(x—y)a(y) dy, then for all x € R™,
all0 <y <2m and all ¢ > 1

(7)  Ngam(B;z) < w(@)] 7 [M (x@) (@) ™" + Xaymo(2) M (a)(x)
+ Xaymo(@)[M (M(a)) ()] + xaymg(z) Y Tala)(x),

|a|=2m

where Y = 2m +n/q — u, B is the class of b in Fj,, |, M is the Hardy-Littlewood
maximal operator and T (a)(x) = sup |flx7y|>€(8a<1>)(a: —y)a(y) dy|.
e>0

Proof. We point out that the argument used in the proof of Proposition 15,
page 1021 in [26], to obtain the pointwise inequality (4) in [26], works in this setting
as well, but considering now conditions (A1), (A2) and (A3) given in Definition 7
of w-(p, po, d)-atom. These conditions are similar to those of the atoms in variable
context (see Definition 1.4, page 3669 in [20]). Then this observation and Lemma 19
allow us to get (7). O

5. MAIN RESULT

We observe that if G' € Hf ,,, (R, w), then Ny 2,,,(G;20) < 0o for some xp € R™.
By (i) in Lemma 12 there exists g € G such that Ny 2, (G;20) = 1g.2m(9; Zo); from
Proposition 15 it follows that g € S'(R™). So A™g is well defined in the sense
of distributions. On the other hand, since any two representatives of G differ in
a polynomial of degree at most 2m — 1, we get that A™g is independent of the
representative g € G chosen. Therefore, for G € H;Qm([R",w), we define A™G as
the distribution A™g, where g is any representative of G.

5.1. Solution of the equation A™F = f for f € HP(R",w). In this section,

p

.2m (R™, w) is the solution set of the equation

we shall prove that the space H
A™F = f, for f € HP(R",w).

This is contained in the following two results. In the sequel, given 0 < p < 2m we
consider T =2m +n/q — p.

Theorem 21. Let 1 < ¢ < oo, n(2m +n/q) ™' <p <1 andlet 0 < p < 2m
be such that n < Tp. If w € A(r/pn)p, then the iterated Laplace operator A™ is a

199



surjective mapping from ’Hq om (R™, w) onto HP(R™, w). Moreover, there exist two
positive constants Cy and Co such that

(8) CillGliae

q,2m

®7w) < [A™G | ap@n w) < Col| Gl

q,2m

(R™,w)
holds for all G € Hy 5,,,(R™, w).

Proof. Let G € H},, (R", w). Since Ny 2, (G; ) is finite for a.e. z € R", by (i)
in Lemma 12 and Proposition 15, the unique representative g of G (which depends
(R™)NS’(R™). Thus,

on z) satisfying 7,2m (9; ) = Ng,2m(G; x) is a function in L{

if o € S(R") and [ (z)dz # 0, from Lemma 6 in [12] we get
My(A"G)(7) < CPam+n(9)Ng2m (G ).

Thus A™G € HP(R",w) and

(9) [A™ G| o (g w) < CllGl3er

a.2m (R™,w)*
Now we shall see that the operator A™ is onto. Given w € Ay ), and f €
HP(R™,w), by Remark 10, there exist a sequence of non-negative numbers {\;}52,

and a sequence of cubes {Q;}52, and w-(p,po, d)-atoms a; supported on @, such

that f = Zx\jaj and
j=1

(10) PR (K[
j=1
For each j € N we put b;(z) = [, ( a;(y) dy. From Proposition 20 we have

Nogom(Bj; x) S [W(Qj)]fl/p[M(XQj)(x)] "+ Xaymg, (@) M (aj)(x)
+ Xayag, (@)[M (M (a;) (@) + xayng, () D Tala;)().

|a|=2m
So
S - >( )Pf/"

+ Z AiXaymg, (2)M (a;) (2)

+ 3 AXayag, (@)[M (M4 (a;)) (@)]"
j=1

+> Aixayag, (@) D Ti(ay)()
Jj=1 la|=2m

=I+II+III+1V.
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To study I, by hypothesis, we have that 0 < p < 1 and Yp > n. Then

e}

1Ml Le(rn w) = Ajlw(@)] P IM (xq,) ()] /™

L (R™ w)

) n/YTT/n
5o A (@I o, )T |

L(T/n)p(Rn’w)

oo n/YYT/n
s[{Zum@imeny |
= LOC/mp (R w
o) . 00 1/p
— [ n @) 7 xe, 0 < (Z Ag?) <l
j=1 Lr(R™,w) =

the first inequality follows from w € Ay /), and Lemma 5, the condition 0 <p <1
gives the second inequality, and (10) gives the last one.
Next, we estimate HH||’£(R,, wy- Since 0 < p <1, we have

p

> AiXaym, ()M (a;)()

j=1

< Z;)\? /Rn X4\/5Qj(x)[M(aj)(x)]pw(x) de.

HHH;ZP(me) =
Lp(R™,w)

Applying Holder’s inequality with po/p, where max{1, p(r,/(rw — 1))} < po < o0,
we get

sy peie ) ([ e a)”

Jj=1

By Remark 8 we have that w € RH(,,/p). Then (9) in Proposition 7.1.5 in [14],
the boundedness of the maximal operator M on LP°(R™), the condition (A2) of the
atom a;(-), and (10) allow us to obtain

/p

Il e (rn,w) S <Z>‘p> S I llae @ w)-

To study III, we apply once again Holder’s inequality with po/p and obtain
ITIT}IZ o )

SN [ e, @M O @) @) () da

(- e ) ([ pross )
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Since we also can take py > ¢, we have that the maximal operator M is bounded on
LPo/4(R™), and

T gy §:£<A

> X5, e, @quﬂlmm/ﬂmm@WMf%.

Applying the same reasoning as the one carried out after of (11) on the right-hand
side hand of this inequality, one can conclude that

1| Lo (R 0y S 1L e (R ) -

Now, we study IV. By Lemma 18 above and Theorem 4 (c) in [28], we have that
the operator T is bounded on LP°(R™). Proceeding as in the estimate of II, we get

IVl Lo@®nw) S I f 1 R2,w)-
Thus, the weighted estimates of I, II, III and IV give

> AiNgam(Bj;+)
j=1

Sl ae (e w)-

LP(R™ w)
Hence
oo
(12) ZAjN 2m(Bj;x) <oo ae ze€R",
and
oo

(13) > AiNgam(Bji+) =0 as M — oo.

J=M+1 Lr(R™,w)

From (12) and Lemma 14 it follows that there exists a function G such that
> kjB; =G in Ei  _, and
j=1

q2m<( ZkB) ) C i kj Ny 2m (Bj; ).

j=M+1

This pointwise estimate together with (13) imply

M
HG—ijB —0 as M — oo.
j=1 HY o (R w)
o)
By Proposition 16, we have that G € H|,, (R",w) and G = Z AjBj in
HY 5 (R, w). By (9) we have that A™ is a continuous operator from ’Hq Qm([R", w)
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into HP(R™, w), then we get
A™G = NAMB; =Y Xa;=f
J J

in HP(R™, w). This shows that A™ is onto HP(R™, w). Moreover,
(14)

o)
I1Gllaez . @y S || D ki Na2m(Bjs ) S e e w) = 1A Gl e (R7w0)-
j=1 Lr(R™,w)
Finally, (9) and (14) give (8). This completes the proof. O

The following theorem generalizes Theorem 1 given in [12].

Theorem 22. Let w,(z) = 2%, 1 < ¢ <r < oo, n(2m+n/q)~' < p < 1, and
let 0 < g1 < 2m be such that n < Tp. If 0 < a < min{np/r,n((T/n)p — 1)}, then
the iterated Laplace operator A™ is a bijective mapping from Hq om (R, wg) onto
HP(R™, w,), and (8) holds with w = w,.

Proof. To establish the injectivity of A™ in Hq om (R, w,), we need to intro-
duce the space N3'? (see page 564 in [3]). Let 1 < ¢ < r < oo and m > 1. We say that
geNlif g e L (R™) and for a.e. z € R™ there exists a polynomial p,(-) € Pap—1
such that for a rneasurable set O with |O| < o0, © = Ng2m((9 + pa)(-);x) €
L"(R™\ O). We observe that if G € Fi_ _, and Ny 2, (G;-) € L"(R™ \ O), where
1 <qg<r< o and |0 < oo, then by (i) of Lemma 12 we have that G C N7
Since A™G = 0 means that A"g = 0 for all g € G, by Lemma 9 in [3], it suﬂices
to show that for such G there exists a measurable set O such that |O| < oo and
Ngom(G;-) € L"(R™\ O). Given G € H} 5, (R", w,), let O be defined by

O ={zeR": [wa(x)]"PNyom(G;z) > 1}.

Since Ny om (G;-) € LP(R™, w,), it follows that |O| < co. Now, for r > ¢, 0 < a <
np/r, and since p < 1 < ¢, we obtain

/C[Nq,Qm(GQJ))]T dzr = /G[Nq’zm(G?m)]r[wa(ﬂ?)]r/”[wa(m)]_r/?dx
IR

< / [Ng.2m(G; x)|Pwq(x) dz +/ [wa (x)]7"/P dz < co.

o<1

N

Thus, G C Ny for all G € Hq am (R™,wg). In particular, this gives the injectivity
of A™ in H} Qm([R , Wa).

203



To finish, we observe that 0 < a < min{np/r,n((T/n)p — 1)} implies that w, €
A(1/n)p (see Example 7.1.7 in [14]). So, by applying Theorem 21 with w = w,, we
obtain the surjectivity of A™ onto H?(R™, w,) and also (8). O

Thus, Theorem 22 allows us to conclude that given f € HP(R", w,), where 0 <
a < min{np/r,n((T/n)p — 1)}, the equation A™F = f has a unique solution in
HE ,, (R™ w,), namely: F := (A™)"1f.

q,2m

Remark 23. Theorem 22 does not hold in general for H? (R, w) when 7 is
not a natural number. In [21], Ombrosi gave an example where Theorem 22 is not
true for HY (R, w) with w = 1 and the operator (d/dz)”, when 0 < v < 1 and
(v+1/q)p> 1.

Remark 24. An open question if there exists a weight w that not be a power
weight such that A™ be injective in H} ,, (R",w). A more interesting question is
to replace the iterated Laplace operator A™ for another and to obtain analogous

results to those established in Theorems 21 and 22.

Acknowledgements. I express my thanks to the referee for the numer-
ous useful comments and suggestions which helped me to improve the original

manuscript.
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