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Abstract. We present the weighted Calderón-Hardy spaces on Euclidean spaces and inves-
tigate their properties. As an application we show, for certain power weights, that the iter-
ated Laplace operator is a bijection from these spaces onto classical weighted Hardy spaces.
The main tools to achieve our result are an atomic decomposition of weighted Hardy
spaces furnished by the author, fundamental solutions of iterated Laplacian and pointwise
inequalities for certain maximal functions.
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1. Introduction

It is well known that classical Hardy spaces Hp(Rn) with 0 < p 6 1 play an
important role in the harmonic analysis and PDEs. Many important operators are
better behaved on Hardy spaces Hp(Rn) than on Lebesgue spaces Lp(Rn) in the
range 0 < p 6 1.
The Hardy spaces Hp(Rn), 0 < p < ∞, were first defined by Stein and Weiss

in [30] in terms of the theory of harmonic functions on R
n. Afterward, Fefferman

and Stein in [9] introduced real variable methods into this subject and characterized
the Hardy spaces by means of maximal functions. This second approach brought
greater flexibility to the theory.
The spaces Hp(Rn) can also be characterized by atomic decompositions. Roughly

speaking, every distribution f ∈ Hp can be expressed in the form

(1) f =
∑

j

λjaj ,
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where the aj ’s are p-atoms, {λj} ∈ lp and ‖f‖pHp ≈ ∑
j

|λj |p. For 0 < p 6 1, an

p-atom is a function a(·) supported on a cube Q such that

‖a‖∞ 6 |Q|−1/p and
∫

xαa(x) dx = 0 ∀ |α| 6 n
(1
p
− 1

)
.

Such decompositions were obtained by Coifman in [4] for the case n = 1 and by
Latter in [17] for the case n > 1. These decompositions allow to study the behavior
of certain operators on Hp(Rn) by focusing one’s attention on individual atoms.
In principle, the continuity of an operator T on Hp(Rn) can often be proved by
estimating Ta when a(·) is an atom. For more results about Hardy spaces see [18],
[29], [32], [33], and [15].
Gatto, Jiménez and Segovia in [12], by using the atomic decomposition (1) for

members of Hp(Rn), solved the equation

(2) ∆mF = f for f ∈ Hp(Rn).

Moreover, they characterized the solution set of (2). These sets result are the
Calderón-Hardy spaces Hp

q,2m(Rn), which were defined by them for this purpose.
More precisely, they proved that the iterated Laplace operator ∆m is a bijective
mapping from Calderón-Hardy spaces Hp

q,2m(Rn) onto Hardy spaces Hp(Rn). They
also investigated the properties of these spaces and obtained an atomic decomposition
for their elements.
The one-dimensional case with weights was studied by Ombrosi in [21], there he

introduced the one-sided Calderón-Hardy spacesHp,+
α ((x−∞,∞), w) for weights w in

a Sawyer class and investigated their properties (see also [23]). In [25], Perini studied
the boundedness of one-sided fractional integrals on these spaces. Ombrosi, Perini
and Testoni obtained in [22] a complex interpolation theorem between one-sided
Calderón-Hardy spaces. With the appearing of the theory of variable exponents the
Hardy type spaces received a new impetus (see [24], [16], [8], [5], [20], and [7]). In this
setting, the author in [26] defined the variable Calderón-Hardy spaces Hp(·)

q,γ (Rn), and
studied the behavior of the iterated Laplace operator ∆m on these spaces obtaining
analogous results to those of Gatto, Jiménez and Segovia.
Recently, Auscher and Egert in [1] presented results on elliptic boundary value

problems where the theory of Hardy spaces associated with operators plays a key
role (see also [2] and references therein).
The purpose of this paper is to define the weighted Calderón-Hardy spaces

Hp
q,γ(R

n, w) for 0 < p 6 1 < q < ∞, γ > 0, and investigate their properties.
In Section 5 of this work we prove our main results. These are contained in the
Theorems 21 and 22. The threshold n(2m + n/q)−1 in the results of Theorems 21
and 22 is optimal in the sense of Theorem 17.
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This paper is organized as follows. In Section 3 we give the basics of weighted
Lebesgue theory, establish a Fefferman-Stein vector-valued inequality for the Hardy-
Littlewood maximal operator and also recall the atomic decomposition of weighted
Hardy spaces given in [27]. In Section 4 we define the weighted Calderón-Hardy
spaces and investigate their properties. The iterated Laplacian is also presented.
Theorems 21 and 22 are proved in Section 5.

2. Notation

The symbol A . B stands for the inequality A 6 cB for a constant c. We de-
note by Q(x0, r) the cube centered at x0 ∈ R

n with side lenght r. Given a cube
Q = Q(x0, r) and δ > 0, we set δQ = Q(x0, δr). For a measurable subset E ⊆ R

n

we denote by |E| and χE the Lebesgue measure of E and the characteristic function
of E, respectively. As usual we denote by S(Rn) the space of smooth and rapidly
decreasing functions and by S ′(Rn) the dual space (i.e., the space of tempered dis-
tributions). A distribution u acting on an element ϕ ∈ S(Rn) is denoted by (u, ϕ).
∆ and δ stand for the Laplacian and the Dirac’s delta on R

n, respectively. If α
is the multiindex α = (α1, . . . , αn), then α! = α1! . . . αn!, |α| = α1 + . . . + αn,
∂αϕ(x) = ∂|α|ϕ/(∂xα1

1 . . . ∂xαn
n )(x) and xα = xα1

1 . . . xαn
n . Given a real number

s > 0, we write ⌊s⌋ for the integer part of s.
Throughout this paper, C denotes a positive constant, not necessarily the same

at each occurrence.

3. Preliminaries

In this section we present weighted Lebesgue spaces and weighted Hardy spaces.
For more information about these spaces the reader can consult [6], [11], [14] and
[10], [31].

3.1. Weighted Lebesgue spaces. A weight w is a non-negative locally inte-
grable function on Rn that takes values in (0,∞) almost everywhere, i.e., the weights
are allowed to be zero or infinity only on a set of Lebesgue measure zero.

Given a weight w and 0 < p < ∞, we denote by Lp(Rn, w) the spaces of all
functions f defined on Rn satisfying ‖f‖pLp(Rn,w) :=

∫
Rn |f(x)|pw(x) dx < ∞ . When

p = ∞, we have that L∞(Rn, w) = L∞(Rn) with ‖f‖L∞(Rn,w) = ‖f‖L∞(Rn). If E is
a measurable set, we use the notation w(E) =

∫
E w(x) dx. It is easy to check that

w(E) = 0 if and only if |E| = 0.
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It is well known that the harmonic analysis on weighted spaces is relevant if the
weights w belong to the class Ap. Before defining the class Ap, we first introduce
the Hardy-Littlewood maximal operator.
Let f be a locally integrable function on R

n. The function

M(f)(x) = sup
Q∋x

1

|Q|

∫

Q

|f(y)| dy,

where the supremum is taken over all cubes Q containing x, is called the uncentered
Hardy-Littlewood maximal function of f . We say that a weight w ∈ A1 if there
exists C > 0 such that

M(w)(x) 6 Cw(x), a.e. x ∈ R
n;

the best possible constant is denoted by [w]A1 . Equivalently, a weight w ∈ A1 if
there exists C > 0 such that for every cube Q

1

|Q|

∫

Q

w(x) dx 6 C ess inf
x∈Q

w(x).

For 1 < p < ∞, we say that a weight w ∈ Ap if there exists C > 0 such that for
every cube Q

(
1

|Q|

∫

Q

w(x) dx

)(
1

|Q|

∫

Q

[w(x)]−1/(p−1) dx

)p−1

6 C.

It is well known that Ap1 ⊂ Ap2 for all 1 6 p1 < p2 < ∞. Also, if w ∈ Ap with
1 < p < ∞, then there exists 1 < q < p such that w ∈ Aq. This leads us to the
following definition.

Definition 1. Given w ∈ Ap with 1 < p < ∞, we define the critical index of w by

qw = inf{q > 1: w ∈ Aq}.

R em a r k 2. The index qw is related to the vanishing moment condition satis-
fied by the atoms for the atomic decompositions of the weighted Hardy spaces (see
Definition 7 below).

The Ap-weights, 1 < p < ∞, give the following characterization for the Hardy-
Littlewood maximal operator M :

∫

Rn

[Mf(x)]pw(x) dx 6 C

∫

Rn

|f(x)|pw(x) dx

for all f ∈ Lp(Rn, w) if and only if w ∈ Ap (see Theorem 9 in [19]).
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A weight w satisfies reverse Hölder’s inequality with exponent s > 1, denoted by
w ∈ RHs, if there exists C > 0 such that for every cube Q,

(
1

|Q|

∫

Q

[w(x)]s dx

)1/s

6 C
1

|Q|

∫

Q

w(x) dx;

the best possible constant is denoted by [w]RHs . We observe that if w ∈ RHs, then
by Hölder’s inequality, w ∈ RHt for all 1 < t < s, and [w]RHt 6 [w]RHs . Moreover, if
w ∈ RHs, s > 1, then w ∈ RHs+ε for some ε > 0. This gives the following definition.

Definition 3. Given w ∈ RHs with s > 1, we define the critical index of w for
the reverse Hölder condition by

rw = sup{r > 1: w ∈ RHr}.

R em a r k 4. The index rw is used to determine the size condition satisfied by the
atoms for the atomic decompositions of the weighted Hardy spaces (see Definition 7).

In view of Corollary 7.3.4 in [14], we define the class A∞ by A∞ =
⋃

16p<∞
Ap.

Since w ∈ A∞ if and only if w ∈ RHs for some s > 1, then it follows that 1 < rw 6 ∞
for all w ∈ A∞.
The following lemma states a Fefferman-Stein vector-valued inequality for the

Hardy-Littlewood maximal operator on Lp(Rn, w). This lemma is crucial to get
Theorem 21.

Lemma 5. Let 1 < p < ∞. Then for u ∈ (1,∞) and w ∈ Ap we have that

∥∥∥∥
( ∞∑

j=1

(Mfj)
u

)1/u∥∥∥∥
Lp(Rn,w)

.

∥∥∥∥
( ∞∑

j=1

|fj|u
)1/u∥∥∥∥

Lp(Rn,w)

holds for all sequences of bounded measurable functions with compact support

{fj}∞j=1.

P r o o f. This lemma follows from Theorem 9 in [19], and Corollary 3.12 in [6].
�

3.2. Weighted Hardy spaces. We give the definition of weighted Hardy spaces
and the atomic decomposition of these spaces developed by the author in [27]. We
topologize S(Rn) by the collection of semi-norms {pN}N∈N given by

pN(ϕ) =
∑

|β|6N

sup
x∈Rn

(1 + |x|)N |∂βϕ(x)|,
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for each N ∈ N. We set FN = {ϕ ∈ S(Rn) : pN (ϕ) 6 1}. Let f ∈ S ′(Rn), we denote
byMFN the grand maximal operator given by

MFNf(x) = sup
t>0

sup
ϕ∈FN

|(t−nϕ(t−1·) ∗ f)(x)|,

where N is a large and fixed integer.

Definition 6. Let 0 < p < ∞. The weighted Hardy space Hp(Rn, w) is the set
of all f ∈ S′(Rn) for which MFNf ∈ Lp(Rn, w). In this case the “norm” of f in
Hp(Rn, w) is defined as

‖f‖Hp(Rn,w) := ‖MFNf‖Lp(Rn,w).

It is known that if 1 < p < ∞ and w ∈ Ap, then Hp(Rn, w) ≃ Lp(Rn, w). In the
range 0 < p 6 1 these spaces are not comparable.
Now, we introduce our atoms. We recall that our definition of atom differs from

that given in [10] and [31].

Definition 7 (w-(p, p0, d)-atom). Let w ∈ A∞ with critical index qw and critical
index rw for reverse Hölder condition. Let 0 < p 6 1,

max{1, p(rw/(rw − 1))} < p0 6 ∞,

and d ∈ Z such that d > ⌊n(qw/p− 1)⌋. We say that a function a(·) is a w-(p, p0, d)-
atom centered in x0 ∈ R

n if
(A1) a ∈ Lp0(Rn) with support in the cube Q = Q(x0, r).
(A2) ‖a‖Lp0(Rn) 6 |Q|1/p0 [w(Q)]−1/p.
(A3)

∫
xαa(x) dx = 0 for all multi-index α such that |α| 6 d.

Indeed, a w-(p, p0, d)-atom a(·) belongs to Hp(Rn, w) (see Lemma 2.8 in [27]).

R em a r k 8. We observe that the condition max{1, p(rw/(rw − 1))} < p0 < ∞
implies that w ∈ RH(p0/p)′ . If rw = ∞, then w ∈ RHt for each 1 < t < ∞. So,
if rw = ∞ and since lim

t→∞
t/(t− 1) = 1, we put rw/(rw − 1) = 1. For example, if

w ≡ 1, then qw = 1 and rw = ∞ and the definition of atom in this case coincide
with the definition of atom in the classical Hardy spaces.

The set
D̂0 = {ϕ ∈ S(Rn) : ϕ̂ ∈ C∞

c (Rn) and 0 /∈ supp(ϕ̂)}
is dense in Hp(Rn, w), 0 < p < ∞, for every w ∈ A∞. Indeed, given a weight
w ∈ A∞ let ν be the measure defined by dν = w(x) dx, by (9) in Proposition 7.1.5
in [14] we have that such measure ν is doubling, then the density of D̂0 in Hp(Rn, w)

follows from Theorem 1 in [31].
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Finally, the atomic decomposition for Hp(Rn, w), 0 < p 6 1, established in [27],
it is as follows.

Theorem 9 (Theorem 2.9 in [27]). Let f ∈ D̂0, and 0 < p 6 1. If w ∈ A∞, then

there exist a sequence of w-(p, p0, d)-atoms {aj} and a sequence of scalars {λj} with∑
j

|λj |p 6 c‖f‖pHp(Rn,w) such that f =
∑
j

λjaj , where the convergence is in L
p0(Rn).

The novelty in this theorem is the convergence in Lp0(Rn)-norm of the weighted
atomic series.

R em a r k 10. Since D̂0 is dense in Hp(Rn, w), 0 < p 6 1, a routine argument
allows us to ensure that every member of Hp(Rn, w) has a weighted atomic decom-
position as in Theorem 9, where the convergence is in S ′(Rn).
The atoms in Theorem 2.9, page 235 in [27], are supported on balls; this theorem

still holds if we consider atoms supported on cubes instead of balls.

4. Weighted Calderón-Hardy spaces

4.1. Basics of weighted Calderón-Hardy spaces Hp
q,γ(R

n, w). Let Lq
loc(R

n),
1 < q < ∞, be the space of all measurable functions g on R

n that belong locally
to Lq for compact sets of Rn. We endowed Lq

loc(R
n) with the topology generated by

the seminorms

|g|q,Q =

(
|Q|−1

∫

Q

|g(y)|q dy
)1/q

,

where Q is a cube in R
n and |Q| denotes its Lebesgue measure.

For g ∈ Lq
loc(R

n), we define a maximal function ηq,γ(g;x) as

ηq,γ(g;x) = sup
r>0

r−γ |g|q,Q(x,r),

where γ is a positive real number and Q(x, r) is the cube centered at x with side
length r. This type of maximal function was introduced by Calderón in [3].
Let k be a non-negative integer and Pk the subspace of L

q
loc(R

n) formed by all the
polynomials of degree at most k. We denote by Eq

k the quotient space of L
q
loc(R

n)

by Pk. For G ∈ Eq
k we define the seminorm ‖G‖q,Q = inf{|g|q,Q : g ∈ G}. The

family of all these seminorms induced on Eq
k is the quotient topology.

Given a positive real number γ, we can write γ = k+ t, where k is a non-negative
integer and 0 < t 6 1. This decomposition is unique.
For G ∈ Eq

k, we define the maximal function Nq,γ(G;x) by

Nq,γ(G;x) = inf{ηq,γ(g;x) : g ∈ G}.

193



The maximal function Nq;γ(G; ·) associated with a class G in Eq
k is lower semicon-

tinuous (see Lemma 6 in [3]).
Next, we define the weighted Calderón-Hardy spaces on R

n.

Definition 11. Let w ∈ A∞, 0 < p 6 1 < q < ∞ and γ > 0. We say that
an element G ∈ Eq

k belongs to the weighted Calderón-Hardy space Hp
q,γ(R

n, w) if
the maximal function Nq,γ(G; ·) ∈ Lp(Rn, w). The “norm” of G in Hp

q,γ(R
n, w) is

defined as
‖G‖Hp

q,γ(Rn,w) := ‖Nq,γ(G; ·)‖Lp(Rn,w).

Lemma 12. Let G ∈ Eq
k with Nq,γ(G;x0) < ∞, for some x0 ∈ R

n. Then

(i) there exists a unique g ∈ G such that ηq,γ(g;x0) < ∞ and, therefore,

ηq,γ(g;x0) = Nq,γ(G;x0);

(ii) for any cube Q, there is a constant c depending on x0 and Q such that if g is

the unique representative of G given in (i), then

‖G‖q,Q 6 |g|q,Q 6 Cηq,γ(g;x0) = CNq,γ(G;x0).

The constant c can be chosen independently of x0 provided that x0 varies in a

compact set.

P r o o f. The proof is similar to the one given in Lemma 3 in [12]. �

Corollary 13. If {Gj} is a sequence of elements of Eq
k converging to G in

Hp
q,γ(R

n, w), then {Gj} converges to G in Eq
k.

P r o o f. For any cube Q, by (ii) of Lemma 12, we have

‖G−Gj‖q,Q 6 C[w(Q)]−1/p‖χQ(·)Nq,γ(G−Gj ; ·)‖Lp(Rn,w) 6 C‖G−Gj‖Hp
q,γ(Rn,w),

which proves the corollary. �

Lemma 14. Let {Gj} be a sequence in Eq
k such that for a given point x0, the

series
∑
j

Nq,γ(Gj ;x0) is finite. Then

(i) the series
∑
j

Gj converges in Eq
k to an element G and

Nq,γ(G;x0) 6
∑

j

Nq,γ(Gj ;x0);

(ii) if gj is the unique representative of Gj satisfying ηq,γ(gj ;x0) = Nq,γ(Gj ;x0),

then
∑
j

gj converges in L
q
loc(R

n) to a function g that is the unique representative

of G satisfying ηq,γ(g;x0) = Nq,γ(G;x0).

P r o o f. The proof is similar to the one given in Lemma 4 in [12]. �
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Proposition 15. If g ∈ Lq
loc(R

n) and there is a point x0 such that ηq,γ(g;x0)<∞,
then g ∈ S ′(Rn).

P r o o f. We first assume that x0 = 0. Given ϕ ∈ S(Rn) and k > γ + n we have
that |ϕ(y)| 6 pk(ϕ)(1 + |y|)−k for all y ∈ R

n. So
∣∣∣∣
∫

Rn

g(y)ϕ(y) dy

∣∣∣∣ 6 pk(ϕ)

∫

Q(0,1)

|g(y)|(1 + |y|)−k dy

+ pk(ϕ)

∞∑

j=0

∫

Q(0,2j+1)\Q(0,2j)

|g(y)|(1 + |y|)−k dy

. pk(ϕ)ηq,γ(g; 0) + pk(ϕ)ηq,γ(g; 0)

∞∑

j=0

2j(γ+n−k).

Being k > γ + n it follows that g ∈ S ′(Rn). For the case x0 6= 0 we apply the
translation operator τx0 defined by (τx0g)(x) = g(x + x0) and use the fact that
ηq,γ(τx0g; 0) = ηq,γ(g;x0). �

Proposition 16. Let w ∈ A∞. Then the space Hp
q,γ(R

n, w) is complete.

P r o o f. It is enough to show that Hp
q,γ(R

n, w) has the Riesz-Fisher property:
given any sequence {Gj} in Hp

q,γ(R
n, w) such that

∑

j

‖Gj‖pHp
q,γ (Rn,w)

< ∞,

the series
∑
j

Gj converges in Hp
q,γ(R

n, w). For 1 6 l fixed we have

∥∥∥∥
k∑

j=l

Nq,γ(Gj ; ·)
∥∥∥∥
p

Lp(Rn,w)

6

k∑

j=l

‖Nq,γ(Gj ; ·)‖pLp(Rn,w) 6

∞∑

j=l

‖Gj‖pHp
q,γ (Rn,w)

=: αl < ∞

for all k > l. Thus, for all k > l we have

∫

Rn

(
α
−1/p
l

k∑

j=l

Nq,γ(Gj ;x)

)p

w(x) dx

6

∫

Rn

(∥∥∥∥
k∑

j=l

Nq,γ(Gj ; ·)
∥∥∥∥
−1

Lp(Rn,w)

k∑

j=l

Nq,γ(Gj ;x)

)p

w(x) dx = 1.

It follows from Fatou’s lemma as k → ∞ that
∫

Rn

(
α
−1/p
l

∞∑

j=l

Nq,γ(Gj ;x)

)p

w(x) dx 6 1,
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then for all l > 1

(3)

∥∥∥∥
∞∑

j=l

Nq,γ(Gj ; ·)
∥∥∥∥
p

Lp(Rn,w)

6 αl =

∞∑

j=l

‖Gj‖pHp
q,γ(Rn,w)

< ∞.

Taking l = 1 in (3) and since w ∈ A∞, we obtain that
∑
j

Nq,γ(Gj ;x) is finite for

a.e. x ∈ R
n. Then by (i) of Lemma 14, the series

∑
j

Gj converges in Eq
k to an

element G. Now

Nq,γ

(
G−

k∑

j=1

Gj ;x

)
6

∞∑

j=k+1

Nq,γ(Gj ;x),

from this and (3), we get

∥∥∥∥G−
k∑

j=1

Gj

∥∥∥∥
p

Hp
q,γ (Rn,w)

6

∞∑

j=k+1

‖Gj‖pHp
q,γ(Rn,w)

,

since the right-hand side tends to 0 as k → ∞, the series ∑
j

Gj converges to G in
Hp

q,γ(R
n, w). �

The proof of the next result is an adaptation of the proof of Theorem 2 given in [12].

Theorem 17. Let m > 1 and wa(x) = |x|a with −n < a < n(s − 1) and 1 <

s < ∞. If p 6 (n+min{a, 0})/(2m+ n/q) and p 6 1, then Hp
q,2m(Rn, wa) = {0}.

P r o o f. We observe that for 1 < s < ∞ and −n < a < n(s−1) the non-negative
function wa(x) = |x|a, x ∈ R

n \ {0}, is a weight in the Muckenhoupt class As (see
page 506 in [14]). Let G ∈ Hp

q,2m(Rn, wa) and assume G 6= 0. Then there exists
g ∈ G that is not a polynomial of degree less or equal to 2m− 1. It is easy to check
that there exist a positive constant C and a cube Q = Q(0, r) with r > 1 such that

∫

Q

|g(y)− P (y)|q dy > C > 0

for every P ∈ P2m−1.
Let x be a point such that |x| > √

nr and let δ = 4|x|. Then Q(0, r) ⊂ Q(x, δ). If
h ∈ G, then h = g − P for some P ∈ P2m−1 and

δ−2m|h|q,Q(x,δ) > C|x|−2m−n/q.

So Nq,2m(G;x) > C|x|−2m−n/q , for |x| > √
nr. Since

p 6 (n+min{a, 0})/(2m+ n/q)
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and −n < a < n(s− 1), we have

∫

Rn

[Nq,2m(G;x)]pwa(x) dx > C

∫

|x|>√
nr

|x|−(2m+n/q)p|x|a dx = ∞.

Then, we get a contradiction. Thus Hp
q,2m(Rn, wa) = {0}, for p 6 (n +min{a, 0})/

(2m+ n/q). �

4.2. The iterated Laplacian. The Laplace operator or Laplacian ∆ on R
n is

defined by

∆ =

n∑

j=1

∂2

∂x2
j

.

For m ∈ N we define the iterated Laplacian by ∆m := ∆ ◦ . . . ◦∆ (m times). Given
g ∈ S ′(Rn), the iterated Laplacian ∆m acts on the distribution g by means of the
formula

(∆mg, ϕ) = (g,∆mϕ) ∀ϕ ∈ S(Rn).

Thus ∆mg ∈ S ′(Rn) when g ∈ S ′(Rn).
Let Φ be the function defined on R

n \ {0} by

(4) Φ(x) =

{
C1|x|2m−n ln |x| if n is even and 2m− n > 0,

C2|x|2m−n otherwise.

Such a function is a fundamental solution of ∆m (see pages 201–202 in [13]); i.e.,
∆mΦ = δ in S ′(Rn).

Lemma 18 (Lemma 8 in [12]). If Φ is the kernel defined in (4) and |α| = 2m,

then (∂αΦ)(x) is a C∞ homogeneous function of degree −n on R
n \ {0} such that

∫

|x|=1

(∂αΦ)(x) dx = 0.

Given a bounded function a(·) with compact support, its potential b, defined as

b(x) =

∫

Rn

Φ(x− y)a(y) dy,

is a locally bounded function and ∆mb = a in the sense of distributions. For these
potentials, we have the following two results.
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Lemma 19. Let a(·) be an (p, p0, d)-atom with d = max{⌊n(qw/p− 1)⌋, 2m− 1}
and assume that Q(x0, r) is the cube containing the support of a(·) in the definition
of (p, p0, d)-atom. If

b(x) =

∫

Rn

Φ(x− y)a(y) dy,

then for |x− x0| >
√
nr and every multiindex α, there exists Cα such that

|(∂αb)(x)| 6 Cαr
2m+n[w(Q)]−1/p|x− x0|−n−α

holds.

P r o o f. Since a(·) has vanishing moments up to the order d > 2m− 1, we have

(5) (∂αb)(x) =

∫

Q(x0,r)

(∂αΦ)(x− y)a(y) dy

=

∫

Q(x0,r)

[
(∂αΦ)(x− y)−

∑

|β|62m−1

(∂α+βΦ)(x − x0)
(x0 − y)β

β!

]
a(y) dy,

where
∑

|β|62m−1

(∂α+βΦ)(x−x0)(x0 − y)β/β! is the degree 2m−1 Taylor polynomial of

the function y → (∂αΦ)(x− y) about x0. By the standard estimate of the remainder
term of the Taylor expansion there exists ξ between y and x0 such that

(∂αΦ)(x−y)−
∑

|β|62m−1

(∂α+βΦ)(x−x0)
(x0 − y)β

β!
=

∑

|β|=2m

(∂α+βΦ)(x−ξ)
(x0 − y)β

β!
.

If |x − x0| >
√
nr, it follows that |x − ξ| > 1

2 |x − x0| since |x0 − ξ| 6 1
2

√
nr. Then,

taking into account that for |β| = 2m, ∂α+βΦ is a homogeneous function of degree
−n− α, we obtain, for |x− x0| >

√
nr and y ∈ Q(x0, r), that

(6)

∣∣∣∣(∂
αΦ)(x − y)−

∑

|β|62m−1

(∂α+βΦ)(x− x0)
(x0 − y)β

β!

∣∣∣∣ 6 Cr|β||x− x0|−n−α.

Finally, from (5) and (6) we obtain, for |x− x0| >
√
nr, that

|(∂αb)(x)| 6 Cr|β||x− x0|−n−α

∫

Q(x0,r)

|a(y)| dy

6 Cr|β||x− x0|−n−α‖a‖p0 |Q|1−1/p0

6 Cr2m+n[w(Q)]−1/p|x− x0|−n−α.

�
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The following pointwise inequality is crucial to obtain Theorem 21 below.

Proposition 20. Let a(·) be a w-(p, p0, d)-atom with d = max{⌊n(qw/p − 1)⌋,
2m− 1} and assume that Q = Q(x0, r) is the cube containing the support of a(·) in
the definition of w-(p, p0, d)-atom. If b(x) =

∫
Rn Φ(x−y)a(y) dy, then for all x ∈ R

n,

all 0 < µ < 2m and all q > 1

(7) Nq,2m(B;x) . [w(Q)]−1/p[M(χQ)(x)]
Υ/n + χ4

√
nQ(x)M(a)(x)

+ χ4
√
nQ(x)[M(M q(a))(x)]1/q + χ4

√
nQ(x)

∑

|α|=2m

T ∗
α(a)(x),

where Υ = 2m+ n/q − µ, B is the class of b in Eq
2m−1, M is the Hardy-Littlewood

maximal operator and T ∗
α(a)(x) = sup

ε>0

∣∣∫
|x−y|>ε(∂

αΦ)(x− y)a(y) dy
∣∣.

P r o o f. We point out that the argument used in the proof of Proposition 15,
page 1021 in [26], to obtain the pointwise inequality (4) in [26], works in this setting
as well, but considering now conditions (A1), (A2) and (A3) given in Definition 7
of w-(p, p0, d)-atom. These conditions are similar to those of the atoms in variable
context (see Definition 1.4, page 3669 in [20]). Then this observation and Lemma 19
allow us to get (7). �

5. Main result

We observe that if G ∈ Hp
q,2m(Rn, w), then Nq,2m(G;x0) < ∞ for some x0 ∈ R

n.
By (i) in Lemma 12 there exists g ∈ G such that Nq,2m(G;x0) = ηq,2m(g;x0); from
Proposition 15 it follows that g ∈ S ′(Rn). So ∆mg is well defined in the sense
of distributions. On the other hand, since any two representatives of G differ in
a polynomial of degree at most 2m − 1, we get that ∆mg is independent of the
representative g ∈ G chosen. Therefore, for G ∈ Hp

q,2m(Rn, w), we define ∆mG as
the distribution ∆mg, where g is any representative of G.

5.1. Solution of the equation ∆mF = f for f ∈ Hp(Rn, w). In this section,
we shall prove that the space Hp

q,2m(Rn, w) is the solution set of the equation

∆mF = f, for f ∈ Hp(Rn, w).

This is contained in the following two results. In the sequel, given 0 < µ < 2m we
consider Υ = 2m+ n/q − µ.

Theorem 21. Let 1 < q < ∞, n(2m + n/q)−1 < p 6 1 and let 0 < µ < 2m

be such that n < Υp. If w ∈ A(Υ/n)p, then the iterated Laplace operator ∆
m is a
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surjective mapping from Hp
q,2m(Rn, w) onto Hp(Rn, w). Moreover, there exist two

positive constants C1 and C2 such that

(8) C1‖G‖Hp
q,2m(Rn,w) 6 ‖∆mG‖Hp(Rn,w) 6 C2‖G‖Hp

q,2m(Rn,w)

holds for all G ∈ Hp
q,2m(Rn, w).

P r o o f. Let G ∈ Hp
q,2m(Rn, w). Since Nq,2m(G;x) is finite for a.e. x ∈ R

n, by (i)
in Lemma 12 and Proposition 15, the unique representative g of G (which depends
on x) satisfying ηq,2m(g;x) = Nq,2m(G;x) is a function in Lq

loc(R
n) ∩ S ′(Rn). Thus,

if ϕ ∈ S(Rn) and
∫
ϕ(x) dx 6= 0, from Lemma 6 in [12] we get

Mϕ(∆
mG)(x) 6 Cp2m+n(ϕ)Nq,2m(G;x).

Thus ∆mG ∈ Hp(Rn, w) and

(9) ‖∆mG‖Hp(Rn,w) 6 C‖G‖Hp
q,2m(Rn,w).

Now we shall see that the operator ∆m is onto. Given w ∈ A(Υ/n)p and f ∈
Hp(Rn, w), by Remark 10, there exist a sequence of non-negative numbers {λj}∞j=1

and a sequence of cubes {Qj}∞j=1 and w-(p, p0, d)-atoms aj supported on Qj , such

that f =
∞∑
j=1

λjaj and

(10)
∞∑

j=1

λp
j . ‖f‖pHp(Rn,w).

For each j ∈ N we put bj(x) =
∫
Rn Φ(x − y)aj(y) dy. From Proposition 20 we have

Nq,2m(Bj ;x) . [w(Qj)]
−1/p[M(χQj )(x)]

Υ/n + χ4
√
nQj

(x)M(aj)(x)

+ χ4
√
nQj

(x)[M(M q(aj))(x)]
1/q + χ4

√
nQj

(x)
∑

|α|=2m

T ∗
α(aj)(x).

So
∞∑

j=1

λjNq,2m(Bj ;x) .

∞∑

j=1

λj

[M(χQj )(x)]
Υ/n

[w(Qj)]1/p

+

∞∑

j=1

λjχ4
√
nQj

(x)M(aj)(x)

+

∞∑

j=1

λjχ4
√
nQj

(x)[M(M q(aj))(x)]
1/q

+
∞∑

j=1

λjχ4
√
nQj

(x)
∑

|α|=2m

T ∗
α(aj)(x)

= I + II + III + IV.
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To study I, by hypothesis, we have that 0 < p 6 1 and Υp > n. Then

‖I‖Lp(Rn,w) =

∥∥∥∥
∞∑

j=1

λj [w(Qj)]
−1/p[M(χQj )(·)]Υ/n

∥∥∥∥
Lp(Rn,w)

=

∥∥∥∥
{ ∞∑

j=1

λj [w(Qj)]
−1/p[M(χQj )(·)]Υ/n

}n/Υ∥∥∥∥
Υ/n

L(Υ/n)p(Rn,w)

.

∥∥∥∥
{ ∞∑

j=1

λj [w(Qj)]
−1/pχQj (·)

}n/Υ∥∥∥∥
Υ/n

L(Υ/n)p(Rn,w)

=

∥∥∥∥
∞∑

j=1

λj [w(Qj)]
−1/pχQj (·)

∥∥∥∥
Lp(Rn,w)

.

( ∞∑

j=1

λp
j

)1/p

. ‖f‖Hp(Rn,w),

the first inequality follows from w ∈ A(Υ/n)p and Lemma 5, the condition 0 < p 6 1

gives the second inequality, and (10) gives the last one.
Next, we estimate ‖II‖pL(Rn,w). Since 0 < p 6 1, we have

‖II‖pLp(Rn,w) =

∥∥∥∥
∞∑

j=1

λjχ4
√
nQj

(·)M(aj)(·)
∥∥∥∥
p

Lp(Rn,w)

.

∞∑

j=1

λp
j

∫

Rn

χ4
√
nQj

(x)[M(aj)(x)]
pw(x) dx.

Applying Holder’s inequality with p0/p, where max{1, p(rw/(rw − 1))} < p0 < ∞,
we get

(11) .

∞∑

j=1

λp
j

(∫

4
√
nQj

[w(x)](p0/p)
′

dx

)1−p/p0
(∫

Rn

[M(aj)(x)]
p0 dx

)p/p0

.

By Remark 8 we have that w ∈ RH(p0/p)′ . Then (9) in Proposition 7.1.5 in [14],
the boundedness of the maximal operator M on Lp0(Rn), the condition (A2) of the
atom aj(·), and (10) allow us to obtain

‖II‖Lp(Rn,w) .

( ∞∑

j=1

λp
j

)1/p

. ‖f‖Hp(Rn,w).

To study III, we apply once again Hölder’s inequality with p0/p and obtain

‖III‖pLp(Rn,w)

.

∞∑

j=1

λp
j

∫

Rn

χ4
√
nQj

(x)[M(M q(aj))(x)]
p/qw(x) dx

.

∞∑

j=1

λp
j

(∫

4
√
nQj

[w(x)](p0/p)
′

dx

)1−p/p0
(∫

Rn

[M(M q(aj))(x)]
p0/q dx

)p/p0

.
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Since we also can take p0 > q, we have that the maximal operator M is bounded on
Lp0/q(Rn), and

‖III‖pLp(Rn,w) .

∞∑

j=1

λp
j

(∫

4
√
nQj

[w(x)](p0/p)
′

dx

)1−p/p0
(∫

Rn

[M(aj)(x)]
p0 dx

)p/p0

.

Applying the same reasoning as the one carried out after of (11) on the right-hand
side hand of this inequality, one can conclude that

‖III‖Lp(Rn,w) . ‖f‖Hp(Rn,w).

Now, we study IV. By Lemma 18 above and Theorem 4 (c) in [28], we have that
the operator T ∗

α is bounded on Lp0(Rn). Proceeding as in the estimate of II, we get

‖IV‖Lp(Rn,w) . ‖f‖Hp(Rn,w).

Thus, the weighted estimates of I, II, III and IV give
∥∥∥∥

∞∑

j=1

λjNq,2m(Bj ; ·)
∥∥∥∥
Lp(Rn,w)

. ‖f‖Hp(Rn,w).

Hence

(12)
∞∑

j=1

λjNq,2m(Bj ;x) < ∞ a.e. x ∈ R
n,

and

(13)

∥∥∥∥
∞∑

j=M+1

λjNq,2m(Bj ; ·)
∥∥∥∥
Lp(Rn,w)

→ 0 as M → ∞.

From (12) and Lemma 14 it follows that there exists a function G such that
∞∑
j=1

kjBj = G in Eq
2m−1 and

Nq,2m

((
G−

M∑

j=1

kjBj

)
;x

)
6 C

∞∑

j=M+1

kjNq,2m(Bj ;x).

This pointwise estimate together with (13) imply

∥∥∥∥G−
M∑

j=1

kjBj

∥∥∥∥
Hp

q,2m(Rn,w)

→ 0 as M → ∞.

By Proposition 16, we have that G ∈ Hp
q,2m(Rn, w) and G =

∞∑
j=1

λjBj in

Hp
q,2m(Rn, w). By (9) we have that ∆m is a continuous operator from Hp

q,2m(Rn, w)
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into Hp(Rn, w), then we get

∆mG =
∑

j

λj∆
mBj =

∑

j

λjaj = f,

in Hp(Rn, w). This shows that ∆m is onto Hp(Rn, w). Moreover,
(14)

‖G‖Hp
q,2m(Rn,w) .

∥∥∥∥
∞∑

j=1

kjNq,2m(Bj ; ·)
∥∥∥∥
Lp(Rn,w)

. ‖f‖Hp(Rn,w) = ‖∆mG‖Hp(Rn,w).

Finally, (9) and (14) give (8). This completes the proof. �

The following theorem generalizes Theorem 1 given in [12].

Theorem 22. Let wa(x) = |x|a, 1 < q 6 r < ∞, n(2m + n/q)−1 < p 6 1, and

let 0 < µ < 2m be such that n < Υp. If 0 6 a < min{np/r, n((Υ/n)p − 1)}, then
the iterated Laplace operator ∆m is a bijective mapping from Hp

q,2m(Rn, wa) onto

Hp(Rn, wa), and (8) holds with w = wa.

P r o o f. To establish the injectivity of ∆m in Hp
q,2m(Rn, wa), we need to intro-

duce the spaceN r,q
2m (see page 564 in [3]). Let 1 < q 6 r < ∞ andm > 1. We say that

g ∈ N r,q
2m if g ∈ Lq

loc(R
n) and for a.e. x ∈ R

n there exists a polynomial px(·) ∈ P2m−1

such that for a measurable set O with |O| < ∞, x → ηq,2m((g + px)(·);x) ∈
Lr(Rn \ O). We observe that if G ∈ Eq

2m−1 and Nq,2m(G; ·) ∈ Lr(Rn \ O), where
1 < q 6 r < ∞ and |O| < ∞, then by (i) of Lemma 12 we have that G ⊂ N r,q

2m.
Since ∆mG = 0 means that ∆mg = 0 for all g ∈ G, by Lemma 9 in [3], it suffices
to show that for such G there exists a measurable set O such that |O| < ∞ and
Nq,2m(G; ·) ∈ Lr(Rn \ O). Given G ∈ Hp

q,2m(Rn, wa), let O be defined by

O = {x ∈ R
n : [wa(x)]

1/pNq,2m(G;x) > 1}.

Since Nq,2m(G; ·) ∈ Lp(Rn, wa), it follows that |O| < ∞. Now, for r > q, 0 6 a <

np/r, and since p 6 1 < q, we obtain
∫

Oc

[Nq,2m(G;x)]r dx =

∫

Oc

[Nq,2m(G;x)]r [wa(x)]
r/p[wa(x)]

−r/p dx

6

∫

Oc

[Nq,2m(G;x)]pwa(x)[wa(x)]
−r/p dx

6

∫

Rn

[Nq,2m(G;x)]pwa(x) dx+

∫

|x|61

[wa(x)]
−r/p dx < ∞.

Thus, G ⊂ N r,q
2m for all G ∈ Hp

q,2m(Rn, wa). In particular, this gives the injectivity
of ∆m in Hp

q,2m(Rn, wa).
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To finish, we observe that 0 6 a < min{np/r, n((Υ/n)p − 1)} implies that wa ∈
A(Υ/n)p (see Example 7.1.7 in [14]). So, by applying Theorem 21 with w = wa, we
obtain the surjectivity of ∆m onto Hp(Rn, wa) and also (8). �

Thus, Theorem 22 allows us to conclude that given f ∈ Hp(Rn, wa), where 0 6

a < min{np/r, n((Υ/n)p − 1)}, the equation ∆mF = f has a unique solution in
Hp

q,2m(Rn, wa), namely: F := (∆m)−1f .

R em a r k 23. Theorem 22 does not hold in general for Hp
q,γ(R, w) when γ is

not a natural number. In [21], Ombrosi gave an example where Theorem 22 is not
true for Hp

q,γ(R, w) with w ≡ 1 and the operator (d/dx)γ , when 0 < γ < 1 and
(γ + 1/q)p > 1.

R em a r k 24. An open question if there exists a weight w that not be a power
weight such that ∆m be injective in Hp

q,2m(Rn, w). A more interesting question is
to replace the iterated Laplace operator ∆m for another and to obtain analogous
results to those established in Theorems 21 and 22.

A c k n ow l e d g em e n t s . I express my thanks to the referee for the numer-
ous useful comments and suggestions which helped me to improve the original
manuscript.
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