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On countability of the spectrum of Banach space valued
weakly almost-periodic functiongc
K.D. Kiirsten, Leipzig

If £ is an almost-periodic (a.p.) function, then for sé€R

there exists the mean valﬁf
a(s) = lim Jﬁ_{‘f(t) st gy
We denote by S(f) = {s; a(s)#0} the spectrum of f. A Banach space
valued function F: R-®X is called weakly a.p. if for every
\YeXx™ YoF 1is a.p. The spectrum of F is the union U S(PoF)
where ¥ runs over X¥. The following theorem was proved by
f..I. Kadec and K.D. Kiirsten /2/.
Treorem: The spectrum of every Banach space valued weakly a.p.
function is countable.
Let us consider the space AP of a.p. functions as a subspace.
of Tagl R,dt).
Lemma 1: A subset MC AP is norm separable iff the union {/ S(f)
where f runs over M is countable.
This follows immediately from well known properties of a.p. function
Lemma 2: Every G'(L,,,L1)—compact convex subset of AP is norm
separable.
Sketch of proof: If MCAP is convex, w“—compact and nonseparable,
Then using methods of /5/ one obtains a subset A C M such that
every norm separable subset of A is countable and such that
(A ,w™) is homeomorphic to {O,1}N . Transforming the Haar mcasure
of {O,1}N we obtain a mcasurc m onQd. The set of a.p. functions
{_w"-Sg(f)fdm(f); geL1(m)} is norm separable and it follows from
Bochner'’s apnroximation theorem (see /3/) that this set is
contained in the image of a separable norm one projection in AP,
This Projection P can be given as a limit of a double sequence
of v*-continuous operators and this allows us to show, that for
m-almost all fé4 Pf=f, what is impossible.
Proof of theorem: (iiven a weakly a.p. function F: R->X. Ve
ongider the operator B defined by
L (R)3 h=»B(h) = Pettis-§ ¥(t) h(t) dt €X.

Then B*Y = Yo & AP. By Lemma 2 B"has separable range and
the thcorem follows from lemma 1.

Let us give some examples to the following question,connected
with lemma 2: For which Banach spaces X and subspaces Yc x*
every w*-compact (convex) subset of Y is norm separable?
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1.) Let 1,00,7] < c[0,7" be the closed linear hull of point - mea-
sures., Then every w“-compact convex subset of l EO 1] is separable.
2.) V.I.Rybakov /4/ proved (using some special set - theoretic
constructions) that there exist a Banach space C(K) and an uncoun-
table set L such that 1104)C:C(K)* and such that every w¥-compact
subset of 11(A) is separable. He also proved, that in such situation
the identity map (11c4),w*) -2 (1101),0.0) is universally measu-
rable.

3.) Using some modifications of methods of /5/ it can be proved,
that there is a subset FCL'O,1] of cardinality continuum such that
every & (1,(M),cC [0,1] }-compact subset of 1,(") is norm - separable.

References:

/1/ Amerio L., Prouse G.: Almost-perodic functions and functional
equations. N.Y.,1971

/2/ Kadec M.I., Kiirsten K.D.: Countability of the spectrum of
Banach space valued weakly almost periodic functions. to appear
in Teor.Funkcii Funkcional. Anal. i Prilozen (russian)

/3/ Levitan B.M.: Almost periodic functions. M.1953, (russian)

/4/ Rybakov V.I.: Kat. Zametki, 23 (2) (1978) (russian)

/5/ Stegall C.: Trans.Americ.Math.Soc. 206 (1975) 213-223



