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INVARTIANCE PROPERTIES OF THE LAPLACE OPERATOR

Jiirgen Eichhorn

1. Introduction

This paper arose from some work in gauge theory on noncompact ma-
nifolds. Let (Mn g) be open complete, G a compact Lie group with
Lie algebra ,» P(M,G) a G-principal fibre bundle, O&P =P Ad%
€p the set of G-connections and X%P the gauge group. Assuming
- that there are already well defined Sobolev completions —%lrf, tk
(which is & rather deléicate problem but solved by ourselves), there
arises the question about the structure of the configuration space
ik)'l. One would like to obtain closed orbits as submanifolds
of ﬂ end a stratification of fk/_g k+l g5 in_C3] . Consider the
question of closed orbits as submanifolds of t‘;. To do this, one
has to_consider_how for (RS f the differential of the map
d>w '%k"'l—-—) ’€ 11§, f—> f* , acts. A necessary condition for
the submanifold property of the orbits is the closedness of
im T, dw . There holds T, dum = - vw”[_ "16.0.0(31,) (=0-
forms with values in OAP) But on closed menifolds im V
closed since V¥ has an injective symbol. On open manifolds this
is far from being true. Nevertheless, also on open menifolds it
can occur that imV"“ is closed. fk splits into in general un-
countable many components, each of them being an affine space.
To establish a reasonable theory, one would ask if im Vw‘ is
closed for all W' of a component comp(W) in tP' This leads to
questions of spectral invariance for the Laplace operator A
with respect to the connection, as we point out below. In fact, we
prove that the closedness of imV¥ is a property of the whole

component of W in f . But we show more, namely the invariance
of the essential spectrum which implies the result for im VW

This paper is in final form and no - version of it will be submitted
for publication elsewhere.
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This is the main result of the paper.

In §2 we recall some simple facts from Hilbert space theory. In
§3 we clarify the topology in the connection space. Finally, §4
is devoted to the main results 4.9 - 4.12, which are of selfcon-
sistent interest for the spectral theory of open manifolds.

2. Hilbert space preliminaries

Let X be a Hilbert space, A:DA-—)X a self-adjoint nonnegative
unbounded operator. Then the spectrum & (A) splits into the pure-
ly discrete point spectrum 6 (A) and the essential spectrum

b (4),

O(a) = & 4(A) V& (8), & (A)" & (4) = 8.

The essential spectrum is characterized by the existence of Weyl
sequences, i.e.

ée(A) = {)\Eé(A)‘There exists a Weyl sequence for )\.s

A Weyl sequence for A -is a bounded non-precompact sequence
(xi)i in D, such that
lim Ax
i—ee
Without loss of generality one can assume that a Weyl sequence
consists of orthonormal elements .

i-/\xi=0.

The Hilbert space X decomposes as an orthogonal direct sum
X =1im A @ ker A,

We would like to give a spectrael theoretic description for the
closedness of im A. For this we need gmnother non-disjoint decom-
position of the spectrum. Set
o f(A) = {}\GG(A)l A is an eigenvalue of finite multipli-
crby’;
Then G(A) = G_,(A) v ¢ _(A) and £(8) ~ & () = set of
all eigenvalues oII? finite multiplicity tgat are embedded into the

essential spectrum. We reall a simple fact from [5] , p. 223.
Proposition 2.1. Let A be self-adjoint, AE&GC. Then the following

cases are possible.
a. im (A - AE) = X, Then A\ belongs to the resolvent set,
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b. im (A -XAE) is a proper subspaces of im (A - AE), im (A -AE) =
L. Then AE€4(4), Add, .(4).

c. im (A =AE) = im (A -AE), im (A -AE) is a proper subspace of
finite codimension. Then A€ ¢ f(A), /\q-d (4).

d. im (A -A\E) is a proper subspace of im (A -AE) and im (A - AE)
is a proper subspace of X of finite codimension. Then

AE d (8 0 GE(A)

e. codlm im(A - AE) = o0 , Then A€ (A) )\de (1).
Corollary 2.2. im A is closed if and only if 0 q. J (A|(kerA)'L)
Proof. We denote Al(kerA)'L by A'. Since im A = im A' -

the proof reduces to A' and to the Hilbert space X' = im A.

We apply 2.1 to X', A', A=0. If im A' is closed then we have to
apply 2.1l.a. and O belongs to the resolvent set, in particular
0 Q(,e(A'). If 0 &&e(A'), then only the cases 2.l.a. and c. are
possible, in fact only the case a., i.e. in particular im A' is
closed. 0

Corollary 2.3, If inf 6e(A) 20, then im A is closed.n

3. The topology of the connection space

We assume that is endowed with a G-invayiant positive definite
scalar product ( , ). This is in particular in canonical manner
possible if G is semisimple. ( , ) on o4 induces a fibrewise
scalar product ( , )x in %P and a global scalar product

{s,8) = n{ (5,8),8v01,, 5,4€ 03" (Yp) = NlG(Y ).

More general, let _ﬂ_O(TQGOAP) resp. _n_q(Oa ) be the space of
smooth tensor fields resp. q-forms with values 1n . Then the
pointwise norm | ® sl = |l ¢ sl for €N (Tq) Tesp.

RXENT is well- deflned, can be extended to ‘fen_ (Tq Q%P) resp.
YENY OAP) and defines a global scalar product

<YWy = f(\f. ‘V)x dvol,

Y, '\[’ with compact support. If (,JG‘C then (W induces a unique
metric connection Vw-.ﬂ.o(%P) ———).ﬂ. (31,), which extends by ten-
soring with the Levi-Civita connection & of M to connections in
all tensor bundles TQQOXP end in A%*u ©

Let S = S(w) be a finite set of polynomials in V (Vw)*
with constant coefficients. Then we set
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for 1¥p< oo

PRgtoyp, wl= {9€n %0, [ PUYN< , PIpyli<eo ror a11 DES Y

and pﬁ-q’s(%P.W) = completion of pﬂg(%l,,w) with respect
PIYlg = PISU + 2 Plps .
D&S

: 1/
Here as usual PN = ¢ §19IP avo1 )™/ P,

Cases of partiéular interest are
P_h—Qlk’l(%wa) = p_ﬁ_qs{vo,'--s vk’ V*v°--s( v’)lk(%P’w)’

=q,k =q,k,0
pﬂQa (%P’ w) = p.n_qs ’ (%P,w)_'o s
In the same manner one defines PJ1V? (T%@ %P’w)'
For ‘fe.ﬂ.q(OAP) we set

1Sl := sup CIPARERIER I pesy,

PN pw) ={FenU oy | PI¥I <=
and .

bﬁq,S(o(\P’w) = completion of b-ﬂ.g(% p» W) with respect to
P lg- Analogously one defines PR 0, (T%@ %P,“’). '
Finally we set

PrPu (W) = fwr € ¥ ] wr-wEPNoyp, w) M PNE(G),, w) end .5'
p'b“w'-W“s(w)2= blu'—mls + p“w'-wus < i’k o

For S(w) ={VO,...,VE ,v* . . (V*)lwe set PPl
P, D|| ly,p and p"C’U‘_ S(u) " PPy kom*
Proposition 3.1. The ] ,k,m(‘”)* £>0, WEY ps form e bes
of neighbourhood filters for a locally metrizable topology on tl’
Proof. For m=0 the (rather delicate) proof is that of propositon
7.3 0£C17 . Foim>0 it follows using equation (5.3) of (1] .o
Taking completions, we obtain spaces I_J__’b'e%’m. By comp(w) we de
note the component of W E'CP in p’b'ﬂlf,’m .

Proposition 3.2. P'PEX™ 15 a locally affine space, where
comp(w) is affine with p,b_‘ﬁ_l,k,m(%P’ W) as vector space.
For the proof we refer to that of 7.5 of L11 .a

If m=0, we write simply P’bflg and p’bU_i,k.

Us(w) =
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4, The invariance of the essential spectrum

Consider wéfP, W'€E comp(w)cp’bfk. Then w' = W +m and
v is only € ck i.e. VW' has non-smooth coefficients. But
since the coefficients are € ck the iteration (VW' )i , 0€i€k+1,
is still well-defined and the same holds for the Sobolev spaces
pjlq’s(qa ,w), 0£s€k+1l. We wish to compare P1%*5( P,Lu) and
RJ\F’S(fﬁ w'). For this we recall some simple equations between
VYW and V‘“’ . According to §4 of [ 17

(VW-oT)Y = (w'-w,¥] (4.1)
VY, ¥) SLVY, Y. LY, IYT (4.2)

where [L'-Wiks) = (W'-W)(¥(s)) - Y((W'-W)(s)) and =
denotes the validity of the equation up to a permuta‘bion in the
tensor products.
Then (4.1),(4.2), |s® tl =|tus| imply for the p01ntwise norm

[(VW_V9) Pl = llwr- W< Clw'-wiI¥l, (4.3)
\vis.g1121lve, Il + g . vgll<

cc- (VS LIl + 11 -1Vl ). (4.4)

By means of (4.1) - (4.4) we proved in [ 17
Proposition 4.1. Assume WETp w ecomp(W)cp’bCk- Then

pﬁq’s(%P,w) = Pf].q’s(OAP,w‘) (4.5)

as equivalent Banach spaces, 0%s€k+l.n

We now specialize to p=2.

On compact manifolds and for a differential operator A of order
r with smooth coefficients and injective symbol there holds

2N° - im A[, . ® ker A ) (4.6)

(AMgyp = A‘2ns+r

as orthogonal direct sum of closed subspaces.

On open manifolds one has to replace the image by its closure in
the corresponding space. If one is working with non-smooth coef-
ficients there arise additional troubles. But in our case
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A=V¥W, M » W smooth and ~ ez’bﬂl’k(o%l,;w) this troubles
6

can be overcome (cf. [§.]}and (3], p.34-36), and we conclude to
Proposition 4.2. For wé€ ¥p, W' ecomp(w)E-._z’b Xk

21425, w) = B30y, w0t) = IV, @ kex(v )Y

= im(V ¥ + ”L)|s+1 @ ker (VY +'~L)*, s€k. g -

At this stage we do not need the assumption k> n/2, since by our
assumption nez’bﬁl’k(cg-l,,w) m is eutomatically € C¥ and
bounded.

To relate the closedness of im VW with spectral theory, we must
still introduce the Sobolev spaces associated to the powers of
Aw and relate them to the spaces Zﬁq,k(%rw ). We define

2 2
N3a(9prw) = 200 ( prw) =
oml Y P {AO,---,AEE %P
- LS €N | 2NSUy, -3 AAL S| <o

and
2ﬁ.q,2m( psW) = completion of 2ﬂ_ém(%P,w) with respect

'_t_o_f“ “ém‘ In particular, Dpwv = 2_()_"1'2(%1”&” )5 the closure of

AY .

We consider the following two conditions (Bk(M)) for the metric g

and (Bk(O&P)) for the connection W .

(B, (M)). The curvature of M is bounded up to order k, i.e. there

exist constants Ci such that

| (Bv)RM| < ¢, ocisk.

(Bk( P))' The curvature of P is bounded up to order k, i.e.
there exist constants Di’ such that

| (vwHyirRW| ¢ D;, 0fi<k,

where RV resp. R™“ denotes the curvature (M%,g) resp. of (%P,,V“’).
From [27] we use

Proposition 4.3. if (M2, g) and ( 1;,,W) satisfy the conditions
(Bzm(M)) and (B2m(OAP)) then

Zﬁq,2m+2(o(SP,w ) = Qﬁ_,q,2m+2( OAP’W ).
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Denote by ¥p 4 . ¢ ‘CP the subset of all connections satisfy-
9 9 — pa—
ing (Br(%P,) and p’bfP,b,r d p’bf% the corresponding comple-
tion.
Proposition 4.4. If (Mn,g) satisfies (B_(M)), w € ¥ and
' P, DTk B,bgk P,b,r
r€k, then comp(w ) ¢ P? ‘CP belongs to **° €3 o £ i.e. with
w €¢p 1 . belongs its whole component in p’bﬁP to p’bf.lf, N
9 9 = - . 9 9
In particular, P’btlli b.p 18 open in P,bgk, :
L g ]
Proof. According to 3.2 there remains to show that we?
and ”Lep’bﬂl’k(%pw) implies

P,b,r

L(V @ M)IR“HM ] ¢ ¢, osicr. (4.7)
This follows immediately from

R R, A% 4 %L"l,"l].

iterated covariant differentiation, the assumption
'\‘Lebﬁl’k(%P,w) and (B,_,(M)). We remark that VW bounded
implies dw"\'\_ bounded. The assumption (Br(M)) is needed since in .
(VW1 "M )L appear the (i-1)-th pe .tial derivatives of the Christof-
fel symbols which are bounded since we have (Br(M)), which °~ . im-
plies in normal coordinates the boundedness of all partial deriva-
tives of the r‘ilj{ of order ¢ r-l.p

Corollary 4.5. If M satisfies (B, (M)), w € € and
2m P,b,¢m
W' € comp(w ) then there holds for s<m
- Y )}
N0, = mAY | yg,n) @ keraY . (4.8)

Proof. This equation holds for the spaces 2.5.0’28(04 p»w). For
n0°8( prW') it follows from 4.3,4.4.0

Lemma 4.6. Under the assumption 4.5 im (V% )*125+1 is closed if
and only if imAw‘ l2<s+1) is closed.

Proof. Clearly, imA‘”'Iz(s+l) € im (Vw‘ )*l2s+l' Moreover,

im (V W' )‘125+1 is orthogonal to kerV""‘lzs_‘_:L with respect to
the L2-sca1ar product, and ker AW = ker VW\ . Since by 4.5

2 R’ 0,28 AWl w' \)

NV (Gp,w') = im A ‘2(s+1) ® xer O ; ker A% = ker(aW' )i
] \

and im(V “") l2s+l orthogonal to ker ( A“ ), we obtain

w) & W

Thus we obtain
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im Aw‘ l2(S+1) < im( V W\ )*lzs_'_l < im Aw\ l 2(S+1). (409)

From tl\lese inclusions we conclude that the closedness of
im A% |2(s+1) implies the closedness of im(V "' )’lzs+1' There
remains to prove the inverse implication. Assume im (V%' f|28+1
) £
being closed and imAY I2Q9+1)' not. According to (4.9), then there 3
exists a § € im(VW M such that ¥¢€ im A%'| Then
\ 2s+1 L J¥ImAB  1o(ge1) €0 3
Y- (vV¥ )*\3(. We can assume WY € imVW‘l2 s+1)° Namely, if
YeYy + V¥ W e(m VP10, W,elmvwl, ok,

1 2 ! 2(s+1) 2=0o 5(s+1) 2(s+1)
then:) = {VY o ¥ XY for a11 X €°N° ((Z]P’w')’ i.e.
\ »

(Vw)‘v = 0. But im(V"™ )"‘23_,_1 closed is equivalent to X ‘
im VW |2(s+1) closed (cf. L6, p. 205). Therefore Y =YW X .
- . x62n£:2(8+1)(%1”w ')9 which implies Y‘ =(VW‘)"Y_
. -
= (UWH* VW - A X , i.e. a contradiction.im A" |2(s+1)

has to be closed.n -

Proposition 4.7. Under the assumptions of 4.5 the following asser-

tions a. and b. are equivalent.

a. im AW’ |2 is closed.

b. im AW‘\i is closed, 1=2,4,...,2(s+1). ‘ ,

Proof. Clearly, b. implies &a.. Assume im AW ‘2 being closed and §
\féim_é_\w‘ | 237 j€s+1. Then there exists a sequence

2:Y;eziﬂg;23(% prw’ )y WYy E:(ke'IAW‘ )J-such‘ that AYy — ¥ in
N2 o, w'). Since 1m A¥T,; € imAY |, = im A% |, and |
AY 1is one to one outside ker AW' there exists a unique

'\Pezﬁo’z( OAP’ w') such that Aw\‘\l’ = ¥ . It follows §
Ay — A'\‘V in 2_0_0,2(3-1)’ A'\ye 2_,10,2(:]-1)((2}P, w")
i.e. YEimAY | 24+ 9 )
Corollary 4.8. Under the hypothesises 4.5 the following assertions §
are equivalent. -

a. im A“"’I2 = im AW' is closed."

b. im AY']; is closed, 1=2,4,...,2(s+1).

c. im (VW' )"li is closed, i=1,3,...,28+1.

d. im VW', is closed, i=1,3,...,2s+1.

e. im Te¢w| is closed in zﬁl’i(qp,w'), i=1,3,...,28+1l.
According to 2.2 imF is closed if and only if

0 ¢ de(Aw"‘(kerAW‘)"')' :

Now we put the main question of our paper. Suppose (B2m(M))’
WE¥p y op end im yWc 21ty 2mrl psW ) being closed. Does
the seme hold for ell ' €comp(w) 2'P€X . . . omex?
Equivalent question. Suppose (Mn.g) and w ’aé above and
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0 Q; de(Awl(kerE‘:’ )-L). Does the same hold for all ¢y'€& comp{w)?
The affirmative answer follows from the Sellowing more general
result.
Theorem 4.9. Assume (By(M)),w €¥, | o end '€ comp(w)c

2,bp AW ) ( e
A & b,0° Then (A = ¢ ( AW!), where the closure of

, —

A is taken in 2,(]_0( P)‘
Proof. We write AW = A , AW = A . we comp( ) implies

AN VAL A v = [W-w, ¥ Lw'-w Y+ [W'-w eV
(4.10)
+ V’étw'-go, 1 +VRV =9V*V LW
0
i.e. for YGA{M( O&P,w)

A'Y = V'*V v)"=‘ (w'-w, [W'- w, ‘S’TJC + (W-w, VYT +
(4.11)
+ V¥ (lw'-w, Y1) +A Y,

where [(J'-w,'\Y'Jc means L[W'-w,¥] as usual followed by con-
traction with the l-form W'-WwW ., On complete manifolds there

2n 0 20 !
holds ‘Q'A ( P w) e v‘(o&P,w). There are constants C]'_, Cy
such that for the pointwise norm

[W'-w,fw'w, ¥1, £ ¢} lw'-wlZ11l (4.12)

llw'-w, VI 1 £ci-lw-wk VTl . (4.13)

The estimation of V *[W'-w , ¥ amounts to the estimation of
the gkl, V(w'-w), W'-Ww , VY ., Since we assumed
(BO(M)) the gkl in normal coordinates are bounded and there exists

a constant Cé such that

IV¥Llwr-w, 111 ¢ c4 (V7 (wao w)HlIFl 4w o wHPSD (4.14)

where we used a version of (5.3) of [ 11 ). Furthermore, there
exists a constant ij such that

w'-wl , 1 V(w-wl£c;. ' (4.15)

(4.12) - (4.14) are used now to estimate K Y . ;
Let be A E&e(AW). We have to show A €& &e( A W' ) and proceed
as follows., If (ui)i is a Weyl sequence for A , then we construct
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starting from (ui)i a Weyl sequence ( ¥, )y such that
)
ha*fy- Ay I —— o.
V—>e

There exists a compact submanifold Kil such that
1
“w"— wllM\Kl’ ll(w'-w)llM\K].( 1/4 )

where ||yl k =(y IK..I‘VI 23v01)1/2, Let (u;); be an orthonor-

N

mal Weyl sequencd for A€ Ge( AY ),

1a%v; - Nul — o,
i—>
K,cUjecly, I-.fl compact , ® = O 1€ CO"‘(Ul) such that d)=l on
Uy .. Then (¢ui) 621)_0’2(031,,\11,, w ) and by the Rellich lemma
(¢ui)i contains a convergent sﬁbsequence in Zﬂo’l(%P\U.,w)
. ) * . AP

which we again denote by ((I)ui )i Now we consider Vi = Upyi1TUoye
Then ((1-¢)vi)i is a Weyl sequence: ((1-¢ )vi)i is bounded, non-
precompact and

A1- $)vy- N(1-¢)v, = Avi-)\vi-A(¢vi)-)\(¢_Vi)—i:: 0

since Avi-)\vi—> O by essumption end A(¢v;)-A(v;)—> ©
by comnstruction of the subsequence ( (A(®u21+l)i, A( (Duzi)i
have the seme 1limit, (¢u21+1)i, (¢u21)1 have the same limit).
Av;- Nvy — O implies v v, —2A\" since by completeness of
(Mnag) <Aviavi> -}\<vi’vi> = “Vviuz - )\ “Vi“2 = “vvi“2 _2&._) 0.
Moreover, we get from &vin=f2", l(¢vi[|JnV( Qvi)l —> 0, that for
all sufficiently high indices

AL 20T R ' AZY WVCd vl |, ([Z+2/0)0%
M=-Qvil - TWI=¢)vl * MI=¢)vil - MI-¢)v; 1

HCdvy)e = (4.16)
t MI=¢)v,T £YAGZ" +1/20) + 1420 = (Y2 +1/10)07%

if A> 0 and the left hand side of (4.16) £ 1/10 if ) =0.

We start with the first index such that for all higher indices
(4.16) is valid and denote (u(il)),'1= ((1- Cb)vi/l(l- ‘b)vi ll)i, in
particular ug_l)ll =1 and lqu§ ) AXVZ' +1/10) resp. €1/10.

Then we obtein from (4.12) - (4.16) using Schwarz inequality
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(1w -w, fw'- wul?) 11 1%ave1)/2 «

(4.17)
2o, (f Clwi-w 12av01)Y/2 2 ¢ /42,
1 MoK 1
{l[(ﬁ" w, Vu(l)] lzdvol)l/z‘c ( f lwr- ledvol)l/:2 .
M‘Kl (4.18)
Cl
o ( f qu__(]_l)|2dvol)1/2 4 C,- llm’f?+1/10) resp. £ -2 - %5
M‘Kl 4 4
17— w, w1071 24401)1/2 ¢ _C_%_ (1 AXTZ2'+ 1/10)
. 1 4 (4.19)
3 11
resp., £ —= , =
2L 10
(4.17) - (4.19) imply
N R R VL R B e iy (4.20)
with
(WM ER RS eS| — 0 (4.21)
and
(R NS %. (4.22)

There exists a compact submanifold K2> Kl such that
lwr-wlit,, VK, IVOW el K2<1/4.LetK <UL cU,,
2 compact and ¢ = ¢2 such that (b (U2), d=1on uj.
Now proceed with ¢ ®2 » Ky, (u 1 )i as with ¢1’K1’ (ui)i’
getting by this procedure a sequence (u ))i’

llu 2111 , non-precompact and satisfying

“Aug‘?) - )\ugz)ui — 0 (4.23)

I Ku{l < 2,2 (4.24)

and

Iterating this procedure, we obtain for each J a sequence
(u(j)) ’ lu(:j Il = 1, non -precompact and satisfying

“A ug_j) - A ug'j)lli—-—:;—} 0 (4.25)
: -o
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and ll'}(ugj)” < i—j- . (4.26)
Set Ej <. Then there exists an :l.j such that

"Aug-j) _}\u:(LJ)“ <

[N [

for all i*i,. Finally we set ¥ (3? Then ||‘f =1, (‘f )
is non-precompact (since (ui)i is non-grecompact) and

WA Ay, < NAT Y, -ASll+ G —=2 0,

J—>
A ) A .
i.e. }\eée(AW ), &e(Aw) & Ge(AW ). Exchangingw:w and
repeating verbatim gives 4 (A )9 o (A

Corollary 4.10. Assume(B (M)), vol(M) = °° , wetp b,0 and
'ecomp(w)e Then

tP,b,O'
b e(Aw,(kerAw)l) = e’e(Aw,-(KerAw1 )'l)"

In particular, im AY is closed if and only if im Aw‘ is closed.

Proof. vol(M) = oo implies ker AY = kerAw‘ ={ol(A =V?*V

implies that I,2~harmonic sections of .ﬂ.(%P) are parallel, i.e.

= 0, since vol(M) =e0 ). B

Remark. If we replace the assumption vol(M) = co by rinj(M)> o,

then 4.10 remains still valid since (BO(M)) and rin;j(M)> 0 imply

vol(M) = °

Corollary 4.11. Assume (M ,g) being open, complete, satisfying

(B2 (M)) vol(M) =00 , W Gw ng 23mzand W'eE comg(_ri)22+l
btP b,ome If m(V <00 (oAP,w)—‘f N gpaw)

is closed O‘S‘m, then the same holds for W'

Corollary 4.12, Assume (M%,g),w, ' as in 4.11. If im T, Puw

is closed in _r'i_l'zs"l(oh,w) then the seme holds for T, ¢w\ o

This has good and far reaching consequences for the study of the

configuration space in gauge theory on open manifolds.
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