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Transversality on Manifolds with Corners *

S.Armas-Gémez J.Margalef-Roig ~ E.Outerelo-Dominguez E.Padrén-Ferndndez

Abstract

In order to study the transversality on manifolds with corners, we give a definition of
boundary-transversality. This is a local definition in which the boundaries on the involved
Banach spaces are viewed. This local definition implies the infinitesimal global description.
The main results in this paper are: the characterization, for some type of submanifolds, of the
boundary-transversality by means of the infinitesimal global description and the construction of
submanifolds by inverse image of neat submanifolds by means of a boundary-transversal map.

1 Introduction
As it is well known, transversality theory is an important tool in Differential Topology. By means
of these techniques we can, for instance, define algebraic invariants of the manifolds.

In the study of differentiable manifolds without boundary, modeled on real Banach spaces, the

usual definition of map transversal to a submanifold is the following:

Definition 1.1 [1] Let X and X' be CP-manifolds without boundary, Y' a CP-submanifold of X'
withdY' =0, f: X — X' a CP-map andz € X . We say f is transversal to Y’ at z if f(z) € Y’
or f(z) € Y, TyX' = (LA)T=X) + (Tyad \Tyo)Y"), (Tef) (Tyi )\ TyeyY")] admits
topological supplement in T X, where ' : Y' — X' is the inclusion map.

This infinitesimal description of the transversality is equivalent to the following local description.

Proposition 1.2 [1] Let X and X' be CP-manifolds without boundary, Y’ a CP-submanifold of X'
with8Y' =0, f: X — X' a CP-map and = € f~1(Y'). Then f is transversal to Y' at z if and
only if there are a chart ¢ = (U',¢’, E') of X' adapted to Y' at f(x) by means of E}, a topological
supplement Ej of E{ in E’ and an open neighbourhood U of z in X such that f(U) C U’ and the
CP-map:

wev 2o 2 g S B x By B By
is a submersion at z, where 6’ : E{ x E; — E' is the linear homeomorphism defined by 6'(o',b') =

o' + b and p), is the second projection from E{ x Ej onto Ej.
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Since the inverse image of a submanifold by a submersion is a submanifold, the above propo-
sition allows us to prove that the inverse image of a submanifold by means a transversal map is a
submanifold. This property is one of the most important features in the theory of transversality.
Therefore when one considers manifolds with corners it seems reasonable to take a definition of
transversality that fulfils this property.

Notice that if we take 1.1 as definition of transversality in manifolds with corners, we have not
the above property even if f preserves the boundary.

On the other hand we note that in manifolds with corners we give a definition of submersion
as a CP-map that has a local section at every point. In this way one obtains a universal property
to characterize CP-maps. If f preserves the boundary, f is submersion at z if and only if T, f is
surjective and its kernel admits a topological supplement in 7 X . Finally if f is submersion that
preserves the boundary, then the inverse image of a submanifold by f is a submanifold.

In orther to make coherent the theory of transversality in manifolds with corners we give the
definition 3.1 of boundary-transversality. This is a local definition in which the boundaries are
viewed on the involved Banach spaces. In Proposition 3.2 we prove the uniqueness, up to linear
homeomorphism, of the quadrant of the target Banach space and we emphasize the intrinsic natural
number associated to the boundary-transversality at a point z . In Theorem 3.6 one proves dn
infinitesimal characterization of the boundary-transversality for a type of submanifolds.

Finally in Theorem 3.8 one proves the main result: If f preserves the boundary and f is
boundary-transversal to the neat submanifold Y’ at every z € f~1(Y’), then the inverse image
of Y/ by f is a submanifold without boundary whose tangent space at z is the inverse image of
Tp)Y' by Tnf .

2 Prerequisites
Along this paper manifolds will be Banach manifolds and may have boundary if otherwise is not
specified. Terminology and notation can be found in [2] but we explain here some of them.

Let E be real Banach space and A is a finite linearly independent system of elements of L( E, IR).
Then the quadrant {z € E/A(z) > 0 for all A € A} will be denoted by E: and the closed linear
subspace {z € E/\(z) = 0 for all A € A} will be denoted by E: .

If X is a manifold, a chart of X will be denoted by ¢ = (U, ¢, (E,A)), where U is the domain
of the chart, ¢ is the morphism, E is the model space, ¢ : U — E: is injective and @(U) is an
open set of E: If o(z) = 0, we shall say the chart is centred at z. For instance (E,1g, E) is the
natural chart of E and (E:,j,(E,A)) is the natural chart of E: , where j is the inclusion map.

Let E: be a quadrant, U an open set of E: and z € E: . Then we call index of z and denote
by ind(z), the cardinal of the set {A € A/A(z) = 0} . The set {y € U/ind(y) > 1} will be called
boundary of U and denoted U . The set {y € U/ind(y) = 0} will be called interior of U and
denoted by int(U), the set {z € U/ind(z) = k} will be denoted by B(U), where k € INU {0}.

From the local boundary invariance theorem we can define in a natural way, the index of pointe
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and the boundary of manifolds.
If X is a manifold and a € X, we take the set

{(c,v)/c = (U,¢,(E,A)) is a chart of X with a € U and v € E}

and we consider the binary relation, ~, on this set defined by:

(e,0) ~ (¢, v") <= D(¢'*¢™)(p(a))(v) = v'.
Then this relation is an equivalence relation and the quotient set will be denoted by T, X .

Let ¢ = (U,¢,(E,A)) be a chart of X and @ € U . It is clear that the map 62 : E — T, X
defined by 62(v) = [(c,v)] is a bijective map, where [(c,v)] denotes the class of equivalence of
(¢c,v) . Via the map 67 the space T, X becomes an intrinsic real Banach space that will be called
tangent space of X at @ and 2 becomes a linear homeomorphism. Moreover if ¢ = (U, ¢, (E, A)),
c = (U',¢,(E',N")) are charts of X, a € UNU’, then (6%)71+62 = D(¢'2p~1)(¢(a)) .

ff: X — X'isa CP-map and a € X, it is clear that there is a unique continuous linear map,
Tof : TaX — Ty(o)X’, such that, for every chart ¢ = (U,,(E,A)) of X at a and for every chart
¢ = (U, ¢, (E'\A")) of X' at f(a),it holds T, f = /(e D(¢'« foo™1)(p(a)) « (62)7".

Let X be a CP-manifold and z € X . A C"-curve on X with origin 2,0 < 7 < p, is a C"-map
a:[0,a[— X such that a(0) =z .

If a is a C™-curve on X (1 < r < p) with origin z defined on [0,a[, then the element of
T:X defined by (Toa)(6%,(1)) is called tangent vector to o at 0 and denoted by &(0), where
o = ([0,a[,%,(IR,1fg)) is the natural chart of [0,a[. We note that if ¢ = (U, ¢, (E,A)) is a chart of
X at z, then

(0) = (Toa)(#,(1)) = (65 D(p+a)O))(1) = 03( lim (£2O=(0200y _ (4.0

where 62, : IR — To[0,af and 67 : E — T, X are the natural linear homeomorphisms.

If v is a tangent vector of X at z given by a C'-curve a : [0,a[— X on X with origin z, i.e.
&(0) = v, then we shall say v is an inner tangent vector at z . The set of the inner tangent vectors
at z will be denoted by (T>X)' . It holds that T, X = L((T-X)’), where L is the linear operator.

If ¢ = (U,¢,(E,A)) is a chart of X such that z € U and ¢(z) € E, and A’ = A+(62)7", then
62(E;) = (T X) = (T:X)],.

Let X be a CP-manifold and X’ a subset of X . We say X' is a CP-submanifold of X if for every
z' € X' there are a chart ¢ = (U, ¢, (E,A)) of X with z’ € U and ¢(z’) = 0, a closed linear subspace
E' of E that admits a topological supplement in E and a finite linearly independent system A’ of
elements of L(E’,IR) such that (U N X") = ¢(U) n(E’):, and this set is open in (E"):, . (Usually
we shortly say c is adapted to X’ at z’ by means of (E,A’) ).

We say the submanifold X’ is a totally neat submanifold if indx.(z') = indx(z’) for every
z' € X'. If only X' = X' N 08X, we say X' is a neat submanifold.

Let f : X — X' be a CP-map and z¢ € X . The map f is called submersion at z if there are an
open neighbourhood V' of f(zo) in X’ and a CP-map s : V'® — X such that s(f(z0)) = zo
and (fes)(y) = y for all y € V',
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We take this definition in order to have a universal property: If f is surjective submersion and
g is a map, then go f is a CP-map if and only if g is a CP-map.

Nevertheless if f preserves the boundary, this definition is equivalent to the classical one: T f
is surjective and its kernel admits a topological supplement in T X. Here, of course, to say f
preserves the boundary at z means there exists an open neighbourhood V7 of z in X such that
f(VZPNoX) Cax'.
Proposition 2.1 [3] Let f be a CP-map from X into X' and Y’ a C?-submanifold of X'. Suppose,
for every z € f~1(Y"), f is a submersion at z and f preserves the boundary at = . Then we have:

1. f~YY’) is a CP-submanifold of X and 3f~}(Y') = f~1(8Y").

2. (Tei)(TefH(Y") = (Tef) Ty Ty Y ), for all z € F1(Y"), where j : f~(Y") = X

and j' : Y' — X' are the inclusion maps. '
3. For everyz € FYY"), codim(f~1(Y")) = codimy5)(Y') .

3 Boundary-transversality

Definition 3.1 Let X and X' be CP-manifolds, Y' a CP-submanifold of X' and f : X — X' a
C?-map. The map f is said to be boundary-transversal to Y' at x € X, and it will be denoted
by flhiY', if and only if f(z) ¢ Y' or f(z) € Y' and there are a chart ' = (U',¢',(E',N")) of
X' adapted to Y’ at f(z) by means of (E{,A}), a topological supplement E} of E} in E', a finite
linearly independent system A} of L(E}, R) and an open neighbourhood U of z in X such that
fO) U, (p, 071+« NYU) € (B2),,, Pa(A(EL X B3], N (07 o« ))(OV)) C O(E),, and

the CP-map h: U — (E;):, , defined by h(y) = (p, *07' ¢’ = flu)(y) for all y € U, is a submersion
at z, being 6 : E{ x E} — E' the linear homeomorphism defined by 6(a,b) = a + b and p, the
second projection from E| x Ej onto Ej.

Notice if 7 : (Eé):, — Ej is the inclusion map, then the following diagram is commutative:
2 .

/ -1
vy gy e (B xR, B
[)

Alog
L

jeh

If AC X and f is boundary-transversal to Y’ at each point of A, we will say f is boundary-
transversal to Y/ along A and it will be denoted by f d'\iY'. If A = X, we will say f is boundary-
transversal to Y’ and it will be denoted by f h’Y’ .

Now we are interested in proving the uniqueness, up to linear homeomorphisms, of (Eé):, .
2

Proposition 3.2 Let X, X’ be CP-manifolds, Y' a C?-submanifold of X', f : X — X' a C?-map
and z € f~1(Y') . Suppose ¢ = (U',¢,(E',N)) and &, = (U},¢},(F',M")) are charts of X'
adapted to Y' at f(z) by means of (E{,A}) and (F{,M]) respectively, E} and F} are topological
supplements of E{ in E' and F| in F' respectively, A} and M} are finite linearly independent
systems of L(E3,IR) and L(Fj,IR) respectively and U is an open neighbourhood of z in X such
that J(U) € U U}, (p,(0)7 o' )U) € (ERY,, (B o(8) oo N)(U) € (R, amd the
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CP-maps h : U — (E;)I; and hy : U — (F;)L;, defined by h(y) = (p,*(6")"1+¢' f)(y) and
ha(y) = (P, °(8))" ey f )y) for all y € U, are submersions at z, where 0’ : E{ x E; — E' and
6 : F{ x F; — F' are the linear homeomorphisms defined by 6'(a,b) = a+b and 61(a’,0') = o'+ V'
and p, : E] x E} — Ej and p), : F| x F; — F; are the second projections. Then there is a linear
homeomorphism 6 : E' — F' such that 6((E§):;) = (F{)L;.

Moreover card(A}) = card(M3) < indx(z) . Finally if b preserves the boundary in a neigh-
bourhood of z in U, then card(A}) = indx(z) .

Proof: We have that u = D(¢} *(¢')~1)(0) = (OZ{(""))‘1 -0{,(’) : E' — F' is alinear homeomorphism

such that p(E]) = FY since ¢ and ¢} are adapted charts to Y’ at f(z) .

Since h : U — (Eé):,2 is a submersion at z, there exist an open neighbourhood V° of 0 in
(E;):; and a CP-map s : V® — U such that s(0) = z and h(s(y)) = y, for every y € V°.

Now we take the CP-map 7 defined by the diagram:

v 50 Lo A o) W5 o) i) B
the chart ¢; = (V°, i, (Ej, A})) of V° being i the inclusion map and the natural chart
¢y = (F3,1p;, F3) of Fj . Then we have 7(0) = 0, 7 = johyos, where j : (F;):q < F} is the
inclusion map, (D(r)(0))((E3),) € (F3).,, (D(7)(0))((E3)},) € (F3)’,, and
2 2 2 2

D(r)(0) = (6%) "+ Tor 62, = (63) e Tu(joha) o Tos 63, =

€29

= (6)71 0% + D(jehyog™)(0)+ (6) o Tos o
where ¢ = (V,¢,(E,A)) is a chart of U centred at z . Therefore
D(r)(0) = B, (6™ + D(@} » F+@7)(0) o (6) " Tos o8, = g}, o (65) ™ o (B14)) " e T f o Tos 03, =
=0 o (0]) opo (B17)) T o Tu foTos 62,
Let us consider the diagram:
I (67)7!
E F F{x F}
(O 7,

p a
E| x E} 2 E, F}

where a is defined by a = p} «(6])™? * i,z - Then, since u(E7) = Fj, this diagram is commutative
2
and  D(7)(0) = aep, +(0')  o(85)) e Tof e Tos o6, = ae(62,)" o Tok + TohTos 62,
k: (E;):, — Ej is the inclusion map and ¢; = (Ej, 1g;, E3) is the natural chart of Ej. Finally
2
D(r)(0) = a+(82)  eTokoTol 402, = a+(62) ' Tok-6% = a and, of course, a is a linear

homeomorphism since p(E]) = F{ . Thus we have card(A}) > card(M}) . But if we take a section

where

sy of hy at z and 11 = kehes;, analogously we obtain card(M}) > card(A}), 11(0) = 0,
(D(r)ON(F),,,) € (B),,» (Dm)ON(F),,,) € (B3,
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D(11)(0) : F; — Ej is alinear homeomorphism, D(71)(0) = a1, where a; : F; — Ej is defined by
a; =p, (8! °/‘|;"12’ and a = (a;)”! . Consequently a((Eé):, )= (Fé);é and card(M}) = card(A})
and the desired linear homeomorphism is § = 6} «(u g X @)<(8')™ : E' — F'.

To see card(A}) < indx(z), we take a chart ¢ = (V,p,(E,A)) of U centred at z. So that the
map ! = D(he¢~1)(0) : E — E} is surjective,

HEY) € (B)), U(EY) € (B3, B = E, @1 L{m, .., we),
where card(A) = k = indx(z), Ej = I(E:) + I(L{v1,...,v}) and
k > dim(I(L{v,...,0})) > codim(I(E, )) > codim((E;)‘;,z) = card(A}).

The last stament is a consequence of the following general result: If g is a submersion at z
which preserves the boundary at z, then ind(z) = ind(g(z)). o

The preceding proposition allows to define an intrinsic number associated to the transversality
at a point z.
Definition 3.3 Let X and X' be CP-manifolds, Y' a CP-submanifold of X', f : X — X' a
CP-map and z € f~1(Y') such that f rh:Y' . We call transversal indez of = respect to f and Y’,
ind(z, f,Y"), to the number card(A}), after a localization as in proposition 3.2.
Proposition 3.4 Let X and X' be CP-manifolds, Y' a CP-submanifold of X', f : X — X' a
CP-map and = € f~1(Y"') such that frﬁzY’ . Then ind(z, f,Y') < indx(z), but if f preserves the
boundary at z, we have ind(z, f,Y') = indx(z) . u}
Example: We take X = IR x (R* U {0}), X' = R, Y’ = {(z,y,2) € R®/y =0}, f: X — X'
defined by f(z,y) = (0,2,0), g : X — X’ defined by g(z,y) = (2,y,0) and z = (0,0) . Then

z € fUY"), FAY, indx(z) = 1> ind(s, f,Y") = 0,
zeg (Y, g rth’ and indx(z) = 1 = ind(z,q,Y’).

Next we shall prove an infinitesimal characterization of the bounday-transversality.
Lemma 3.5 Let E be a real Banach space, E, a closed linear subspace of E which admits a
topological supplement in E and A a finite linearly independent system of L(E,IR) .

If codim(E,) > card(A), then there ezist a topological supplement F* of Ey in E and a finite
linearly independent system A* of L(F*,IR) such that (F‘):_ =F*n E: and B(F‘):_ =F*n (')E:.
Moreover, if Ey C E,, then E} = Ey + (F*)}, and 9E] = Ey + 8(F*)...

Proof:If card(A) = 0, then we can take any topological supplement of E; in E as F* and A*=0.
Suppose card(A) > 1 and let E; C E be a topological supplement of E; in E. If n = card(A),
since dim(E3) > n > 1, then there is a linearly independent system {v1,...,vn} of Es.
Let F3 be a closed linear subspace of E such that E; = F; &1 L{vy,...,v,}. Therefore,
E = (Ey + F,) &1 L{v1,...v.}.
Moreover, since E # E; + F, then Int(E:) Z E, + F,. Let w; € Int(E:) - (Ey + F7) and
¢ € R* such that B,(w;) C Int(E} ) and By(w) N (Ey + F2) = 0.

We have the vector w; verifies the following properties:
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1. E; n L{m} = {0}, (E1 + F;)n L{w;} = {0}.

2. fn> 1, E; + L{wr} 2 Be(w1) - [(E1 + F2) + L{w1}].

Let wy € Bo(w1) ~ [(E} + L{w1}) U ((E1 + F2) + L{w;})], then:
1. E; n L{wy, w2} = {0}, (E1 + F2) N L{w;, w2} = {0}.

2. Ifn > 2, E, + L{wy, w3} 2 Be(w1) — [(Er + F2) + L{w, wa}]..

If we continue this process, we obtain a linearly independent system {wy,-:,wn} of E: such
that (Ey + F2) &1 L{w,...,w,} = E, E, &7 L{wy,...,ws} = Eand foralli € {1,...,n - 1}

wiy1 € (E1 + F2 + L{w,...,w;}) U(E; + L{wy,..., wi}).

Thus we take F* = F; + L{wy,...,w,} and A* = {A\p./X € A}. Moreover, if E; C EZ, then
codim(E;) > card(A) and we have E: =E+ (F"):_ and BE: =E+ a(F‘):,. a)
Theorem 3.6 Let X and X' be CP-manifolds, f : X — X' a CP-map, Y' a CP-submanifold of
X' and z € f~1(Y') such that f preserves the boundary at = and (Ty()3)(Ty)Y') € (T!(x)X’)‘,
where j : Y’ < X' is the inclusion map and (Tj(,)X’)" is the set of inner tangent vectors of X' at
f(z). Then the following statements are equivalent:

1. (a) Ty X' = (T f )T X) + (Ty()i)(Ts)Y')

(b) (T=f) " (Tf(2)3)(Ts(z)Y")] admits a topological supplement in T, X .

2. f is boundary-transversal to Y’ at z .
Proof: 2) = 1) By definition, there are a chart ¢/ = (U’,¢’,(E’,A")) of X’ adapted to Y’ at f(z) by
means of (Ej,A}), a topological supplement E} of Ef in E’, a finite linearly independent system
A} of L(E},R) and an open neighbourhood U of z in X such that f(U) C U’,

(P67 o N)U) € (B, , ma(O(EL X By),,.,, N(67 o+ N)(OV)) C O(EY),,

and the CP-map h : U — (E;):;, defined by h(y) = (p,°071o¢'s fiy)(y) for every y € U, is
a submersion at z, being @ : E{ x Ef — E’ the linear homeomorphism 6(a,b) = a + b and p,
the second projection from E] X E} onto Ej. Then T,h is a surjective linear continuous map and
Ker(T;h) admits a topological supplement in T X.

Let ¢ = (U, ,(E,A)) be a chart of X beingz € U; C U, p(z) =0and ¢; = ((E;):, , 1, (Ey, AY))
the natural chart of (E;):g Then T;h = 62, « D(iohop™)(0)(62)7! = 2

=60 p, 087 e D(¢' o fo71)(0)*(62) 7} = 62, op, 67 o (017) 1o T f

and Ker(T;h) = (T=f) " [(T§(z)7)(Ty(z)Y ")), which proves b) .

To prove a), let us consider v € Ty(;)X’, then t = (6, op, 67! «(0X)1yv) € TO(EQ)Z; and
therefore there exists u € T; X such that (T;h)(u) =t . On the other hand

5= (047 ep, o071+ (6L))(0) € (Ty@) Ty Y "),
where p, : E{ x E} — Ej is the first projection. Finally
0= (Tef)(u) + s = (0L p, 07 (61) 7 To f)(u).
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1) = 2) Since Y” is a CP-submanifold of X’, there is a chart ¢/ = (U’,¢’,(E’,A")) of X’ adapted
to Y' at f(z) by means of (Ej,Aj). By the hypothesis (T¢(z)7)(Ts()Y") € (Ty(0)X "}¢, we have:

81UBY) = (Ty))(Ty)Y") € Ty X') = 05 (E),,)
and therefore E] C (E' )i, . Then, using the preceding lemma, there are a topological supplement
F* of E{ in E' and a finite linearly independent system A* of L(F*,IR) such that
(E");, = E{ + (F*)., and 8(E")!, = E} + 8(F*),..

Let U be an open neighbourhood of z in X where f preserves the boundary and f(U) C U'.
Then the CP-map h: U — (F‘):_, defined by h(y) = (p, 0 ¢’ fiy)(y) for every y € U, also
preserves the boundary in U, where § : Ef x F* — E' is the linear homeomorphism defined
by 6(a,b) = a+ b and p, : E{ x F* — F* is the second projection. Thus it suffices to prove
T:h : T X — To(F'):, is a surjective map and Ker(T;h) admits a topological supplement in Tp X
But we know Ker(T;X) = (T f) " [(T4(z)7)(T#(z)Y’)] and therefore Ker(T:h) admits topological
supplement in T; X .

Now let us consider v € To(F"): and the natural chart ¢* = ((F‘):.,i,(F‘,A')) of (F'):, .
We have (0{,(’) *(6%)7")(v) € Ty(z)X' and there exist u € T;X and w € (T (5)7)(Ty(z)Y’) such that

(05 < (62)71)(v) = (T f)(w) + w.
Finally (Tzh)(u) = (6% op, +6~1+(67®)1 T, f)(u) =
= (6% op, 2871 o (62 1)((61) ¢ (62.) 1) () = w) = (6% op, 07 < (6%) ") (v) = v

Remark: i
1. The hypotheses ”f preserves the boundary at z” and "(Ty(z)7)(Ty(z)Y"') C (T,(,)X')‘” have
not been used in the implication 2) = 1).
2. The condition (Ty(z)j)(Ty(z)Y’) C (Ty(z)X')" implies there is an open neighbourhood U’ of
f(z) in X' such that U'NY’ C B X', where k' = indx:(f(z)).
Lemma 3.7 Let X" be a neat CP-submanifold of a CP-manifold X' . Then:
1 int(X")NdX' =0
2. If(U',¢',(E' ")) is a chart of X' adapted to X" at z" € X" by (E",A"), then:
a) (E")!, C (B, b) O(E")!, CO(E"),, ¢) int(E")}, C int(E")}

U A’ A = Ar? A" = A’
d) E" = (E")!, C E' = (B}, ¢) (¢))"}(E") = U'n X", f) (E"Y,,, = " n (B,
Proof:
1. By definition X" = X”N@X’.Then, since int(X”)NIX" = @, we conclude int(X")NIX’ = 0.
2. From the definition of submanifold it is clear (E” ):,, C(F ):,
If z” € int(X"), obviously 3(E”):" = 0. Suppose z” € X" and let z € B(E”):". Then there

exists r > 0 such that r-z € ¢'(U’) N 8(E"):". Thus (¢')~!(r - z) € X" C dX' and therefore
r-z€d(E')!, and z € H(E')},.
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Analogously int(E" ):" C int(E' ):,

Now suppose there is z € E” — (E"):", being z € (E'):,, then we take 2z € int(E"):” and
the segment [z, 2o] joining z and z. Of course, [2,20] C E” and there is yo €]z,zo[ such that
Yo € O(E")},, but &(E")!, C O(E')!,. Thus there is A’ € A’ such that M(yo) = 0, X(2) 2 0
and M(z9) > 0. On the other hand there is to €]0,1[ such that yo = to - z + (1 — 2o) - z0. Hence
0=1to-XN(z)+ (1 —t) - N(20) > 0, which is a contradiction.

If z € int(X"), then ¢'(U'N X") = ¢'(U')N E” and (¢')"Y(E")=U'Nn X".

If 2” € X", then ¢'(U’') N (E”):,, = U'nX"). Let z € U'n X", then ¢'(z) € E” and
z € (¢')"Y(E"). Hence U’ N X" C (¢')"1(E").

Now let z € (¢')"}(E"), then ¢/(z) € E"n¢'(U') C E"N (E’):, and therefore, using 4),
() € (E”):” N ¢'(U'). Hence z € U' N X" and (¢’)"}(E") C U’ N X". Finally it is clear that
(M), = E"n(E")}, 0

Next theorem gives us a method to build submarifolds by means of the inverse image of a

submanifold by a boundary-transversal map.

Theorem 3.8 Let X and X' be CP-manifolds, f : X — X' a CP-map and Y’ a CP-submanifold
of X' which has empty boundary or is a neat submanifold. Suppose f preserves the boundary at
every z € f~Y(Y') . Then, if f is boundary-transversal to Y' along f~1(Y"), it holds the following
statements:

1. f~Y(Y") is a CP-submanifold without boundary of X .

2. For every z € fN(Y'), (Toi)Tef'(Y") = (Tf) ' (Tye)i' Y TyeyY')]  where j :

fUY") > X and j' : Y' — X' are the inclusion maps.
8. For ally € f~Y(Y'), codimy,(f~(Y")) = codim(,)(Y")
4 fign fY(Y') — Y’ is a CP-map and
{z e f-l(Yl)/T;,;fIf—l(Yl) (TN (Y - Tj(s)Y' is a surjective map } =

= {2z € X/T:f : Te X — Ty(z)X'is a surjective map } N f~1(Y’)

Proof: Let z € f~1(Y’) and U an open neighbourhood of z in X such that f(U*NdX) C aX’,
then there are a chart ¢/ = (U’,¢’,(E’,A")) of X’ adapted to Y’ at f(z) by means of (E},A}), a
topological supplement Ej of E] in E’, a finite linearly independent system A% of L(E},IR) and an
open neighbourhood U of z in X such that f(U) CU’, U C U?,

(2,07 o« fu)(V) C (B, Pa(O(BL X Ea),,, N (67" o« fip)(OU)) € O(ER),,

Ao
and the CP-map h : U — (E;):;, defined by h(y) = (p, =07 o'« fiy)(y) for every y € U, is a
submersion at z, being 6 : E{ x £} — E’ the linear homeomorphism defined by 8(a,b) = a + b
and p, the second projection from E] x Ej onto Ej .
Since Y’ = @ or Y’ is a neat submanifold we have (¢')"}(E{) = U'NY"' . Indeed, if 3Y’' = 0

obviously the equality holds and if Y’ is a neat submanifold it follows from Lemma 3.7.
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Since h preserves the boundary, V = {y € U/h is a submersion at y} is an open set of U being
z € V. Thus H = (hyy)~1({0}) is a closed CP-submanifold without boundary of V such that for all
y € H (T k)(TyH) = (Tyhjv)~*({0}), where k : H < V is the inclusion map.

On the other hand, using the equality (¢')~!(E}{) = U'NnY’, we have H = f~}(Y’)NV and
therefore f~1(Y’) is a CP-submanifold of X without boundary which fulfils the statement 2).

The statement 3) follows from the statement 2) and from the equality:

Ty(e)X' = (Tef)(ToX) + (Ty(z)3')(Ty(z)Y"), for every z € f71(Y").

Finally 4.) is straightforward to be checked. Indeed, let z be an element of f~(Y’) such that
Tof : T X — Ty;)X' is surjective and let v be an element of Ty(;)Y’ . Then there is u € T X
such that (Tf)(v) = (Ty(z)3')(v) . Hence, by 2), u € (To5)(T=f~'(Y’)) and therefore there is
uy € To(f~Y(Y")) such that (Tz5)(w1) = u . Thus we conclude (Tx fiy-1(y+))(w1) = v.

Conversely, if z € f~1(Y'), T(fig-1(v1)) 1 Tof YY) - Ty)Y' is surjective and v € Ty X',
using Tyz)X' = (Tof)(TeX) + (Tp()i')(Tsz)Y'), we have v = (Tzf)(u) + (Ty(z)i')(w1), where
u € Ty X and u; € Ty(,)Y'. Moreover, there is uz € T f~1(Y') such that (Tzfig-1ry)(u2) = w,
and consequently: v = (T f)(u) + (Ty(5)3" (T fig-1(v1))(u2) = (Tof)(u + (T25)(uz2))- o
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