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NATURAL TRANSFORMATIONS Of FOLIATIONS INTO
FOLIATIONS ON THE COTANGENT BUNDLE

Wlodzimierz M. Mikulski

In this paper a classification of natural transformations of foliations into foliations
on the cotangent bundle is given. All manifolds, foliations and maps are assumed to

be of class C*. Foliations are assumed to be without singularities.

1. Let n be a natural number. Let M be an n-dimensional manifold. The vector
bundle (xp : T*M — M) = T*M :=(T* M) (dual to the tangent bundle 7'M of M)
is called the cotangent bundle of M. Every embedding f : M — .V of n-manifolds
induces a vector bundle embedding T*f := (T(f~!))* : T*M — T*N covering f.
where Tf denotes the differential of f. One can verifies easily that the rule M — T* A/,
f — T*f, is a natural bundle in the sense of [4].

From now on we fix two natural numbers n and p such that 1 <p < n-1. We
identify a foliation with its tangent distribution (see [5]). A natural transformation of
foliations into foliations on the cotangent bundle is a system of foliations Q( M. F) on
T* M, for every n-manifold M and every p-dimensional foliation F on M. satisfving the
following naturality condition: for any n-manifolds M. N. p-dimensional foliations Fy
on M and F on N and every embedding f : M — N the assumption T'fo F} = Fao f
implies TT* foQ(M, F1) = Q(N, F3)oT™* f. (This definition is similar to the definition
of natural base-extending operators ( see [2] ).

We have the following five natural transformations of foliations into foliations on
the cotangent bundle. Let F be a p-dimensional foliation on an n-manifold M. Then

we define the following distributions on T™* M :

'Q(M, F), = {0},
2Q(M,F), = {%(w +10)i=0 € TLT"M : 0 € Anih(F,,.))}.

OThis paper is in final form and no version of it will be submitted for publication elsewhere.
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3Q(M’ F).u = ker(Tw”hl)a
‘QIM,F), = {T*X|w: X is a F-vector field} + ker(T, 7s),
5Q(M» F)w =T,T*M,
where w € T* M. T* X is the complete lift of X to the cotangent bundle (see [1], [6])
and Anih(F,) = {0 € T*M : o(v) = 0 for all v € F,}. If (2,...,2") are F-adapted
v y 1)

1

coordinates on M and (z!,....2", v}, ...,v") are the induced coordinates on T* .M, then

. . o L]
2Q(M, F) is spaned by Bt B
3 . L) 8
Q( M, F) is spaned by BT P
v L

1Q(M. F) is spaned by a—a—l. L2
v

Therefore *Q(M. F) is of class ('™ and involutive. [t is easy to verify that the sys-
tem 'Q = {*Q(M, F)} is a natural transformation of foliations into foliations on the
cotangent bundle.

The main result in this paper is the following theorem.

Theorem 1.1. Any natural transformation of foliations into foliations on the
cotangent bundle belongs to the set {!Q.2Q.2Q,* Q. Q} defined above.

The proof of this theorem will occupy the rest of the paper.

2. From now on we denote by F? the standard p-dimensional foliation on R”

spaned by %r- . %. By dzl,....dz" we denote the canonical forms on R” dual to
) ”
52Tt o

The following lemma plays an essential role in the proof of the main theorem.

Lemma 2.1. Let Q and Q, be two natural transformations of foliations into folia-
tions to the cotangent bundle. Let us assume that Q{(R“,}"’)d,x'o C QzR", FPYgnp0.
Then Q(M. F), C Qq(M. F),, for any p-dimensional foliation F on an n-manifold
M. In particular, the equality Q\(R", FP) ;110 = Q2(R", FP)y 1) implies Q) = Q.

Proof. . Consider w € T} M — Anih(F,). By the Frobenius theorem there exists an
embedding f : R® — M such that Tfo P = F o f on some open neighbourhood V" of
0 € R” and T” f(dz!|0) = w. Let #” be a foliation on V" such that Tj o P = FPoj,
where j : V — R™ is the inclusion. Let w, € T*V be such that T*j(w,) = dz'|0.
Then by the naturality condition we obtain Q;(M.F), = Qi(M.F)oT*(f o j) w,) =
TT*(f 0 )Qi(V, F?), = TT* F(Qi(R™, F?)15u10) for i = 1,2. Hence Q;(M, F), C
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Q2(M, F),. Since T; M — Anih(F}) is dense in T M, we obtain the inclusion for all
weET*M.0

3. Let w € TgR™. A diffeomorphism ¢ : R* — R" is called w-admissible iff
T*¢o(w) =w and Ty o FP = FP o . A subspace W C T,T*R™ is called w-admissible
iff TT* (W) = W for any w-admissible diffeomorphism .

We have the following corollary of the naturality condition.

Corollary 3.1. If Q ts a natural transformation of foliations inlo foliations on
the cotangent bundle. then Q(R"™ FP), is w-admissible for any v € TFR".

In particular. \Q(R™, FP),.....°Q(R"™, FP), are w-admissible. where 'Q is defined
m Item 1.

We have also the following corollary.

Corollary 3.2. The vector spaces
3 n ’ a A
Q(R". FP) g0 +span{["(ﬁ—l‘)hn[n 1i=2...n}

and span{ :.‘;[(rl.rliﬂ) + t(dz!|0)],=0} are (dz'|0)-admissible.

Proof. . It is easy to verify that the second space is (dz!{0)-admissible. Of course.
the first space is equal to ker{(dz![0) o T, .1, 7R~} i.e. {d2!|0)-admissible. O

4. In the proof of Theorem 1.1 we use the following lemmas.

Lemma 4.1. If W C 3Q(R"™.FP)o is a 0-admissible subspace such that W # {0}
and W #3Q(R™, FP)o. then W = 2Q(R", FP),.

Lemma 4.2. Let W C3Q(R". FP) ;1 be a (dx'{0)-admissible subspace such that
dimW =n —p. Then we have the following implications:

(a) Ifn—p>2 then W = 2Q(R",.’F’)4,xlo.

(b) Ifn—p =1, then W = 2Q(R". FP) 10 or W = span{%[(dt‘|0)+t(d.r‘|0)]t___u}.

Lemma 4.3. Let W be a (dz!|0)-admissible subspace. If W —3Q(R". FP)azr0 # 0,
then SQ(R".}T),;:IN cw.

Lemma 4.4. Let W be a 0-admissible subspace. Assume that W # 3Q(R™, FP),.
SQ(R™, FP)o CW and W # *Q(R", FP)o. Then W = *Q(R™, F?)o.
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Lemma 4.5. Let W be a (dz'|0)-admissible subspace such that imW = n+p
and 3Q(R",f’)4,1]o C W. Then we have the following implications:

(a) Ifn+p<2n—1, then W =*Q(R", F?) 421)0-

() lfn+p=2n-1, then W = 8Q(R." 7-"),,,:'0 +span{T‘( Fryy )d¢1|0 =2, .. n}
or W =4Q(R". F?) 4.1)0.

Proof of Lemma 4.1. Consider two cases:

(I) W ¢ 2Q(R", FP)o. Then there exists ¢ € T¢R" — Anih(F}) such that
£[to)i=o € W. Consider u € TSR™ — Anih(¥3). There exists an 0-admissible li-
near isomorphism ¢ such that T* () = p. Then f-‘-[tp]mo = T’I"-,:(f'-[td]mu) ew.
Therefore W = 3Q(R". P )o. Contradiction.

(I) W C 2Q(R", FP),. Let ¢ € Anih(Ff) — {0} be such that a—";[fﬂ]:-_—o e,
Consider pu € Anih(F})—{0}. There exists an 0-admissible linear isomorphism ,~ such
that T* (o) = p. Then ’T[tp],_o € W. That is why W = 2Q(R"™, F?)¢. O

Proof of Lemma 4.2. Consider two cases:

(I) W C 2Q(R™, F?) 4210. Then W = 2Q(R™. F?) 4,1y because of the dimension
argument.

(I) W ¢ 2Q(R™, FP)y4,1)y. We can assume that span{£{(dr!|0) + t(dr']0)],=,}
2 W. Consider two subcases:;

{a) W ¢ 2Q(R™, FP) 10 @ span{f((dz!{0) + t(d2'|0)];=¢}. Then there exists
o € T;R™ — Anih(F8) & span{dz'|0} such that #£{(dr!|0) + ta]=o € W It is clear
that p > 2. Consider two subsubcases: )

(1) a(55]0) # 0. If p € TgR" — Anih(F3) < span{dz!|0} and p(5%]0) # 0.
then there exist A € R and a (dz'|0)-admissible linear isomorphism y such that
T*2(Ae) = p, and then %[(d.rlIO) + tpli=c = ATT‘,:(%[(d.r‘lO) + to]i=0) € W
Therefore W = 3Q(R", FP)izo ie. dimW =n > n — p. Contradiction.

(2) o( [0) = 0. If p € T3R"™ — Anih(F}) & span{d+'|0} and ;1(32—,‘40) = 0. then
there ex:sts a (dz'|0)-admissible linear isomorphism > such that T* »(¢) = p. and then
;t[(dzl|0) + tu)ymg = TT* (4 4%((d2!|0) + to]i=g) € W. Therefore epan{i[(d:‘[O) +
t(d2*]0));=0 : i = 2....,n} C W ie. dimW >n—1>n - p. Contradiction.

(b) W C2Q(R™, FP)yz110 espan{a-[(a'.r‘IO) +t(d.tl|0)]t_o} Then there exists ¢ €
Anih(F8)@span{dz'|0} — Anih(F})Uspan{dz'|0} such that & [(dz!|0)+to],=0 € W".
If 4 € Anih(FE)Dspan{dz!|0} — Anih(F§)Uspan{dz'|0}, then there exist A € Rand a
(dz!|0)-admissible linear isomorphism ¢ such that T* »(Ao) = u, and then T[(d.t‘lOH—
tuli=o € W. Therefore W = 2Q(R", F?) 4110 mspan{z-[(d;rlIO) + t(d31|0)]g_g} i.e.
dimW = n — p+ 1. Contradiction. O
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Proof of Lemma 4.3. There exist real numbers a;. ..., a,, b1, ...,b, € R such that
Y = a1 £((d2'|0) + t(d2'|0)]e=0 + ... + an 5 [(d2"|0) + t(d2"|0)]c=0 + b1 T* (52 )azrjo +
et b T* (52 )asrjo € W and by # 0 for some g € {1,...,n}.

Consider k € {1,...n}. Let ¢ : R* — R" be a diffeomorphism such that
2Ny 0 y™) = (¥ + y9y*,y%, ... ¥*) on some open neighbourhood of 0 € R™.
Then ¢ is (dz!|0)-admissible. By a standard verification (see [6]) one can show that
TT*¢(Y) = Y + by &[(d2*]0) + t(d2*|0)]e=0 + bk £ [(d2'|0) + t(d2?|0)];=0. Since W
is (dz!|0)-admissible and ¥ € W, then TT*(Y) € W, and then bqa";[(dleO) +
t(dz*|0)]e=0 + bx 3 [(d']0) + t{d2?]0)].=0 € W. Putting k = q we find £[(dz'|0) +
#(d29]0)],=0 € W, and then £[(dz!|0) + t(dz¥|0)];=o € W. O

Proof of Lemma 4.4. Consider two cases:

(Iy W ¢ *Q(R™, FP)o. Then there exists real numbers a;,...,a, € R such that
'r‘(ala—zr+...+n"§%)o € W and a; # 0 for some i = p+1,...,n. Consider b,,....,b, €
R <uch that b; # 0 for some j = p+ 1....n. There exists an 0-admissible linear
isomorphism > such that T;(al(a—zr)u + ...+ ﬂn(%{)o) = bl(‘a-gf)o + ..+ bn(s':':—n)o-
Then 7"(b1%; + .. 4 b,,i':—,,)u = 'I’T';(T(alggy + ..+ an%)o) € W. Therefore
W =*Q(R™. F7),. Contradiction. :

(1) W C *Q(R™, FP),. Let a,....,a, € R besuch that T*(a) z2r+...4a,525)0 € W
and a; # 0 for some i = 1....p. Consider b.....b, € R such that b; # 0 for
some j = 1,...p. There exists an 0-admissible linear isomorphism > such that
Teta(gor ot +ay( 525 )o) = bilzar ot 48, ( 555 )o. Then T*(by z2r+... 45, 35)0 =
IT*o(T* (a 520 + .. + 4,55 )0) € IV, That is why W =4Q(R". F?),. g

Proof of Lemma 4.5. Consider two cases:

(I) W C *Q(R". FP)42110. Then W = *Q(R". F?)4;11 because of the dimension
argument. .

(Il) W ¢ *Q(R". FP)4z110. Consider two subcases;

(a) At first we assume that there exist aj,...,a, € R such that T’(azb—%y + o+
”"3—27)0 € W and a; # 0 for some j = p+ 1,...,n. Consider bs,...,b, € R such
that b, # 0 for some ¢ = p+ 1,...,n. There exists a (dz!|0)-admissible linear isomor-
phism > such that T,:(az(gij-)o + ..+ an(g,_.Ln)O) = bz(a—‘:;)o + .. + bn(%)o- Then
’1"(62321 + ...+ b, a;L'-)dz‘IO = TT’:,:(T‘(aza—Zy + ...+ “"o_i-')dt‘lo) € W. Hence
span{T‘((—,%.-)d,qo :i=2,..,n} C Wie. dimW > 2n — 1. Therefore W =
3Q(R",f’)4,1|0+span{T‘(-’%—)“x|g :i=2,..,n}, provideddimW =n+p=2n-1.

(b) Now, we suppose that there exist a,,...,an € R such that T'(alﬁr + ..+
a,.gf;;)o € W, a; # 0and a; # 0 for some j = p+1,...,n. Consider by, ...,b, € R such
that b, # 0 and b, # 0 for some g = p+1, ..., n. Then there exists a (dz'|0)-admissible
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linear isomorphism ¢ such that T‘P(ﬂx(b%r)o +...+ a"(ﬁ;)o) = %“"{bx(ﬁr)o +..+
bn(?:-—n)O} Then T(blir""*'bn Q:Ln)dzllo = %W?(T.(Gl %f+-‘*+an a;Ln)dSIIO) €
W. We have proved that span{T*(52;)4;10 : i = 1,....,n} C W. Hence dimW = 2n.
Contradiction. O

5. We are now in position to prove Theorem 1.1. Let Q be a natural transformation
of foliations into foliations on the cotangent bundle such that Q # !Q, Q # 3Q and
Q # °Q. We want to show that Q = 2Q or Q = *Q.

It follows from Lemma 2.1 that Q(R", FP)y.1)0 # ‘Q(R",}'P)d,:m for i = 1,3,5.
Of course, 'Q(R™, F¥)4z110 C Q(R™, F7)4erjo C SQ(R™. F¥)go1(o.

Consider two cases:

(I) Q(R™, FP)yz1p0 C 3Q(R",P)hqo. Then then it follows from Lemma 2.1
that Q(R", FP); C 3Q(R™, FP)o. Of course, Q(R™, FP), # *Q(R™, FP), for i
1.3 because of the dimension argument. Then Lemma 4.1 implies Q(R”, FP),
2Q(R", F?)o. Hence dim Q(R™. FP)4z110 = n — p. Consider two subcases:

(a) n—p > 2. Then by Lemma 4.2(a) Q(R", FP) 410 = 2Q(R™. FP)4z116. and then
Q = 2Q because of Lemma 2.1.

(b) n —p = L. Then by Lemma 4.2(b), Q(R™. FP )15 = 2Q(R". F?) o1y, (ie.
Q = 2Q because of Lemma 2.1) or Q(R", F?) 1)y = span{%[(dzL{O) +(dz'0)];=u}-
So, we suppose that Q(R", FP) .1 = span{j‘;[(d:‘[O) + t(dz'}0)},=v}. Then from
the naturality condition with respect to the homotheties 7idgn, 7 # 0, it follows that
Q(R", F?),(4ztj0y = span{dit[-r(d.tlm) + t(dz!|0)},=,} for any 7 € R — {0}. On the
other hand, Q(R", 7)o = span{ & [t(dz"]0)];=u} # span{ & [t(dz'|0)];=0}. Contradic-
tion.

(I Q(R™. FP)4z1p0 — SQ(Rn,}-p)d;llo # 0. Then it follows from Lemma 4.3 that
3Q(R™, FP)az1jo C Q(R™, FP)45110. Then by Lemma 2.1, 3Q(R™. FP)o C Q(R™. FP)s,.
Of course, Q(R", FP)q # ‘Q(R™, FP)q for i = 3,5 because of the dimension argument.
Then Q(R", F?)o = *Q(R". F?)o because of Lemma 4.4. Hence dim Q(R". F?)4,1)0 =
dim Q(R™, FP)o = n + p. Consider two subcases:

(8) n+p < 2n — 1. Then it follows from Lemma 4.5(a) that Q(R", FP)y 10
= “Q(R”,P)“xlo, and then Q = *Q because of Lemma 2.1.

(b) n+p =2n—1. Then by Lemma 4.5(b), Q(R". F? )51, = *Q(R", FPazrpo (ice.
Q=1Q)or QR",F?) 4,10 = 3Q(R™, FP) o110 +span{T* (52 )uz1jo : i = 2,...,n}. So,
suppose that Q(R", FP) 4110 = 3Q(R™, FP)gz1p0 + span{T'(ﬁ%)dleo 14 =2,..,n}.
Then by the naturality condition with respect to the homotheties 7idrn, 7 # 0,
we obtain that Q(R", F?),(4s1)0) = SQ(R",}T),(,{,HQ) + Span{r(yz-,)r(d,xlo) 1=
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2,...,n} for any 7 € R — {0}. On the other hand, since n > 2, then Q(R", FP), =
3Q(R™, F?), +span{T‘(rZ,—)o ti=1,.,n-1} #3Q(R", FP), +span{T‘(3%)o ti=
2,...,n}. Contradiction. O

6. Similarly as in [3], we introduce the following definition. A natural lifting of
foliations to the cotangent bundle is a system of foliations Q(AM. F) on T* M projecting
(by the cotangent bundle projection) onto F , for every n-manifold M and every p-
dimensional foliation F on M, satisfying the following naturality condition: for any n-
manifolds M, N, p-dimensional foliations F; on M and F3 on NV and every embedding
f: M — N the assumption T foF; = Fyof implies TT* foQ(AL, F1) = Q(N. F2)oT*f.

We have the following obvious corollary of Theorem 1.1.

Corollary 6.1. Any natural lifting of foliations to the cotangent bundle is equal to
4Q, where *Q is defined in Item 1.
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