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NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981) 

Canonical equivalence relations for parameter sets 

H. J. Promel and B. Voigt 

Let (C be a class of objects with a binomial coefficient - - (») • 

Intuitively - - ( B ) is the set of all embeddings of B into A , 

respectively the set of all subobjects of A which are isomorphic 

to B • Embeddings f €C( B) and g €(E(C) may be composed yielding 

fg €(E(C) . As known for categories this composition should be asso­

ciative. 

Notation: H((E(C)) denotes the set of equivalence relations on 

C(£) . For Tr€II((E(£)) and f€(E(£) then irf € H (E(£)) denotes 

the restriction of IT to the subobjects of f . i.e. g«h(mod irf) 

iff f g wfh (mod ir) . 

B ' 
Definition: A set Acn((E(c)) is a canonical set of equivalence 

relations (v.r.t. B and C ) iff (1) there exists an Av € (E such that 

for all A€(E with --(^i) *0 a--d iren((E(£)) there exists an 

f £(C(B) such that irf € A and (2) for every a C A and every A € IE 

there exists a ir €!!(!(£)) such that IT* «-a for every f ££(£) . 

Motivation: In recent years it has turned out that canonical sets 

of equivalence relation yield a deeper insight into the partitional 

behaviour of certain structures. One of the first theorems in this 



m 

direction is the 'Erdos-Rado-canonization theorem' [1] which describes 

canonical equivalence relations for Ramsey's theorem. More recent 

results are due to A. Taylor [4] for Hindman's theorem and XeSetril 

and Rodl [5] for graphs and hypergraphs. 

Here we study Hales-Jewett classes [A] , where A is a finite set. 

Definition; Let A be a finite set, k <. n be non-negative integers. 

[A](k) than is the set of mappings f:n -• A U{XQ,...,Xfc_-} - where 

for convenience always n - {0,...,n-l} - satisfying 

(1) f"1(Xi)*0 for i<k and (2) min f"1^.) <min f H ( L ) for 

all i <j <k . 

Parameter words f €[A](£) and g €[A](J?) may be composed yielding 

f-g€[A](£), where f-g(i)-f(i) for f(i)€A and f-g(i)-g(j) 

for f(i) -Xj . 

Notations: For sets A CB we always assume 11(A) cn(B) by extending 

b«b(mod ir) for all b € B ̂ A , ir€II(A) . H(A) is partially ordered 

(in fact it is a lattice) by ir .c o iff a«b(mod ir) implies 

a«b(mod a) for all a,b € A . 

Definition: A sequence $ - (irQf . . . f irk) of equivalence relations 

ir£€lI(AU{X0,...,X.}) is k-canonical iff (1) ir0 £ ir - £ . . .< IT, 

and (2) if X- «a(mod ir.) for some a € A U {XQ, • . .-.X..-. } then 

ffi+l * v i ' 
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N o t a t i o n s L e t ' Mr. - {T<0\, . f; trR) '•• > be * k - c a n o n i c a l and f € [ A ] ( £ ) . • * ' 

For i* <k~ ^ the~ lumbers- ^ tuX (f*, i ) ; %are -de f ined by-~ .< -•'--/ _: - r:, J I < 
IT" 

t_3 A ( fVi^^Hi^ ^ c ^ e - ^ X f , ! ^ O n f<t)^X i <mod^*irC)4; where f o r cb^vet i i frnee 
IT IT 

« ( f , - l ) - - l • .aiiqfiig^5f..v;:: '.."s a_i>?.-~ •.« : 1^] IV.? ~. 

D e f i n i t i o n ; Let TT * (ITQ, . . • , ir^) be k - c a n o n i c a l . The p a r t i t i o n 

ir(n) € n ( [ A ] ( £ ) ) i s d e f i n e d b y : 
-•sr-»ao-?/ix svi..'fc.i::-.-ir.y: ud r, ;; i ( t S ( . •• ".., .-. >d •• ; _.__ l~joi _! i i i _. -_. i 

? 1 " lWf « g J o a d ( i f ( i x ) J i f f f o r a l f i - - 1 0 , . . V , k - 1 f o r dl£ £ v - t v i t h 

MIN(« ( f , i ) , w A ( g , i ) ) < *ef<fc f o l l o w s f(l)^i(i)(mo^l^p^ 
TO', ( - J ) * * : ;••;.,- ; * / ) ' ~ \ ',;.•; (_:) ••-.-. . v : •. .. .;+.*. <) f " i '»> 

The main theorem then is: * ̂ > L> i lis 

-rr.il)Vfr baa-v :.-. o^ ^su (:!>[A1 3 3 i-.-̂  _ ^ j | A j f 1 a fcj ow, 2 91 sa& IAS 
Theorem: The set {Tr(m)I* is k-canonxcal} - is a canonical set of 

{ 1 • '* '" ''t)j-t :n_ A3 (:}> io: (';'-.•* I '. • Z • 3 *.t£,__w 5 (5) [A] *3 s • 1 
equivalence relations (w.r.t. [A],k,m) . 

. ^ - c m ioi 

The theorem has many i n t e r e s t i n g a p p l i c a t i o n s , we o n l y s t a t e two o f 

-fch'e'vrr eJcp-1 i c i t 1 y-;; *; -;-• i ;.) ;: *r• - • , i E s ^ { £ ' , h w a :__> A ? n ? _a i :_e£o11B•_•OY 

L>-."tsbxo. vUz . : - , , , ... 1 (,_;•.; , . . ' A ) : : * - * . - , A --" « 3 4 11 & - o i l ( T b o - ; ^ j 

C o r o l l a *y> it>.: ff o r». e v e r y f i n i t e ; s e t A a n d . n p n ^ n e g a t i v e ^ i n t e g e r , t m . _, 

t h e r e e x i s t s an n , such t h a t f o r e v e r y e q u i v a l e n c e r e i a t i p n ^ ^ 4 _ $ 

O C J U U H Q ) ) t h e r e e x i s t s an f € [A] ( ° ) and a T T € H ( A ) s u c h t h a t 

ioT?$m^gph € , [A:] , (^) / ixfo l lPws ( g :«h(mocL pf )* i#fP y.grj.£;) •£ h ( : % i ^ * *°A 

f o r ^ e ^ . ^ < ( - r i 0 T ( ? ) ~3 1 i lB2Jjmi:?:"zA a* { >' .. {« . . . . Q (J U A)-Z 3 . r 

neris- {._..< - 0 . O U A l s s-rnoa i o l ( . p born) K ~ . X U ( S ; bn* 

C o r o l l a r y 2 : For e v e r y p o s i t i v e i n t e g e r m t h e r e e x i s t s an JI^ 
" i '' " l+i 

such that for every equivalence relation * €H ( (p. ?.)) on the set 
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of pairs (A,B) of subsets of n with AcB , A*B there exists 

a P(m)-sublattice of P(n) , i.e. sets X Q tX } t... tX m , with 

Xi nXj *X 0 and X^ * X. for i*j such that one of the following 

5 case holds for all pairs (A,B) , (C,D) A|B , C^D : 

(1) (A,B)«(C,D) (mod ir) iff A-C and B - D 

(2) (A,B)w(C,D) (mod ir) iff B ^ A - D ^ C 

(3) (A,B)w(C,D) (mod ir) iff A-C 

(4) (A,B)»(C,D) (mod ir) iff B-D 

(5) (A,B)«(C,D) (mod ir) for all (A,B) , (C,D) . 

Analogous theorems may be established for finite vector spaces 

and affine spaces. Details and proofs are going to appear elsewhere. 
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